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1 Key GEM-E3 model updates  

The most recent version (2017) of the GEM-E3 model is a significant upgrade from previous 

versions as it includes a number of new modelling features and updates. The key modelling 

upgrades regard the explicit representation of the financial sector, the advanced semi-

endogenous representation of technical progress and technology spillovers, the bottom up 

representation of the transport sector and the discrete representation of biofuels.  

The 2017 version has been calibrated to the most recent datasets including GTAP 9, 2017 IEA 

energy statistics and ILO data.  The IO tables from EUROSTAT for the EU countries (where 

available) have been included into the model database and are used instead of the GTAP tables. 

Additional work has been performed to identify the sectors that produce clean energy 

technologies as separate sectors in the IO table (Table 2).  The model has been extended to run up 

to 2100. 

The basic idea of the financial module added is that the demand for finance is driven by agents in 

deficit that seek to receive a loan from domestic or/and international  capital markets and the 

supply of finance is driven by profit maximising agents (in surplus) that own a portfolio of 

financial products with different reaturns and risks. This loan accumulates to debt and has to be 

repaid in a specified time period at a market clearing interest rate. 

The households decision tree and consumption options have been extended to account for a wider 
portfolio of  energy and transport related technologies (Figure 1). 
 
Figure 1: Households decision tree  
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The bottom up representation of the transport sector allows to project mobility (both passenger 
and freight) and to simulate the choice of transport modes, the choice of transport means 
technologies and the way of using transport equipment. The model is able to calculate energy 
consumption, emissions, externality effects and costs from a user perspective.The transport 
module allows to simulate impacts of a variety of policies for transport, efficiency, emissions and 
externalities purposes. 
 
Regarding biofuels the agriculture sector of the model is split in two parts: production of food and 
production of bio-energy commodities. Demand for bio-energy commodities is explicitly 
introduced as option in the sub-models by sector of production and of households. Bio-fuels is an 
option as a blending possibility in producing liquid fuels by the refinery sector in which case the 
blended fuel is sold to transport sectors and to households. Land is a limitation factor (resource 
in the production function with limited maximum potential) in agriculture and in both sub-
sectors. Prices of bio-energy commodities are endogenous based on costs 
 
Table 1: Countries/Regions o f the GEM-E3 model 

Abbreviation Country Name Abbreviation Country Name 

AUT Austria USA USA 

BEL Belgium JPN Japan 

BGR Bulgaria CAN Canada 

CRO Croatia BRA Brazil 

CYP Cyprus CHN China 

CZE Czech Republic IND India 

DNK Denmark KOR South Korea 

EST Estonia IDN Indonesia 

FIN Finland MEX Mexico 

FRA France ARG Argentina 

DEU Germany TUR Turkey 

GRC Greece SAR Saudi Arabia 

HUN Hungary OCE Oceania 

IRL Ireland RUS Russian federation 

ITA Italy REP Rest of energy producing countries 

LVA Latvia SAF South Africa 

LTU Lithuania RAX Rest of Europe 

LUX Luxembourg ROW Rest of the World 

MLT Malta     

NLD Netherlands     

POL Poland     

PRT Portugal     

ROU Romania     

SVK Slovakia     

SVN Slovenia     

ESP Spain     

SWE Sweden     

GBR United Kingdom     
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Table 2: Activities  of the GEM-E3 model 

No Activity No Activity 

01 Agriculture 26 Forestry 

02 Coal 27 Biomass Solid 

03 Crude Oil 28 Ethanol 

04 Oil 29 Bio-diesel 

05 Gas Extraction 30 Advanced Electric Appliances 

06 Gas 31 Equipment for wind power technology 

07 Power Supply 32 Equipment for PV panels 

08 Ferrous metals 33 Equipment for CCS power technology 

09 Non-ferrous metals 34 Other Advanced Heating and Cooking Appliances 

10 Chemical Products 35 Electric Vehicles 

11 Paper Products 36 Road-Freight transport 

12 Non-metallic minerals 37 Rail -Freight transport 

13 Electronic Goods 38 Rail -Passenger transport 

14 Conventional Transport equipment 39 Water - Passenger transport 

15 Other Conventional Equipment Goods 40 Coal fired power plant 

16 Consumer Goods Industries 41 Oil fired power plant 

17 Air transport 42 Gas fired power plant 

18 Road -Passenger transport 43 Nuclear power plant 

19 Water - Freight transport 44 Biomass fired power plant 

20 Construction 45 Hydro electric 

21 R&D 46 Wind 

22 Market Services 47 PV 

23 Non Market Services 48 CCS coal 

24 
Wheat, Cereal Grains, Sugar cane, sugar 
beet 49 CCS Gas 

25 Oil Seeds 50 Geothermal 
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2 History  of the GEM-E3 model 

The General Equilibrium Model for Economy-Energy-Environment 1 (GEM-E3) model has been 

developed as a multinational collaboration project, partly funded by the European Commission2, 

DG Research, 5th Framework programme and by national authorities, and further developments 

are continuously under way through several EU Framework Programmes. The model is the result 

of a collaborative effort by a consortium involving: National Technical University of Athens 

(NTUA/E3M-Lab) (leading partner), Katholieke Universiteit of Leuven (KUL), University of 

Manheim and the centre for European Economic Research (ZEW), Ecole Centrale de Paris 

(ERASME) as the core modelling team. Other contributing teams include PSI, IDEI (University of 

Toulouse), Stockholm School of Economics, CORE, CEA and University of Strathclyde. The first 

version of the GEM-E3 model included 12 EU member states and its base year was 1985. Since its 

first version NTUA/E3M-Lab and KUL have maintained and further developed the GEM-E3 model 

in various aspects including the introduction of market imperfections, the construction of GEM-

E3 world version, bottom-up representation of power generation technologies, equilibrium 

unemployment, a complete coverage of all GHG, and the introduction of semi-endogenous growth3 

features.   

Applications of the model have been carried out for several Directorate Generals of the European 

Commission (economic affairs, competition, environment, taxation, research) and for national 

authorities. GEM-E3 is used regularly to provide analytical support to European Commission 

services, particularly with regards to the economics of climate change. 

  

                                                             

1  Informations about the model can also be found in www.e3modelling.gr and in www.gem-e3.net 
2 JOULE programme, (DG-XII/F1) 
3 This version was  built from ERASME, Zagame P. et. Al.  Ⱥ %ÎÄÏÇÅÎÏÕÓ 4ÅÃÈÎÉÃÁÌ #ÈÁÎÇÅ ÉÎ '%--E3 - A Concrete Proposal Involving 
3ÐÉÌÌÏÖÅÒÓ %ÆÆÅÃÔÓ Ȼȟ Document de travail Erasme,  July 1998 

http://www.e3modelling.gr/
http://www.gem-e3.net/
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3 Introduction  

The GEM-E3 model is a multi -regional, multi -sectoral, recursive dynamic computable general 

equilibrium (CGE) model which provides details on the macro-economy and its interaction with 

the environment and the energy system. It is an empirical, large scale model, written entirely in 

structural form. GEM-E3 allows for a consistent comparative analysis of policy scenarios since it  

ensures that in all scenarios, the economic system remains in general equilibrium. In addition it 

incorporates micro-economic mechanisms and institutional features within a consistent macro-

economic framework and avoids the representation of behaviour in reduced form. Particularly 

valuable are the insights the model provides regarding the distributional aspects of long-term 

structural adjustments. The GEM-E3 model is extensively used as a tool of policy analysis and 

impact assessment. 

The model is modularly built allowing the user to select among a number of alternative closure 

options and market institutional regimes depending on the issue under study. The GEM-E3 model 

includes projections of: full Input -Output tables by country/region, national accounts, 

employment, balance of payments, public finance and revenues, household consumption, energy 

use and supply, GHG emissions and atmospheric pollutants.  

The present document is a manual that illustrates the theoretical foundations on which the model 

was built by providing mathematical derivations for all the equations included in the model. 

Moreover, the manual provides the information required to perform different simulations and 

lists the different options the model offers regarding the model closure and the activation of 

certain features in the environmental module.  

The remainder of this manual is organized as follows: Chapter 2 provides a general presentation 

of the model and its use for policy analysis, Chapter 3 presents the main data structure of the 

model, the data sources, the data process manipulation and the GEM-E3 SAM, Chapter 4 provides 

the mathematical statement of the model, Chapter 5 presents the financial modules, Chapter 6 

presents the environmental module, Chapter 7 deals with the welfare measures used in the model, 

Chapter 8 describes the energy security indicators, Chapter 9 describes the routine used to make 

the reference scenario of the GEM-E3 model, Chapter 10 presents the stochastic version of the 

model, Chapter 11 presents the calibration method for the main parameters of the model and the 

models user interface, Chapter 122 presents the file and folder structure, Chapter 133 provides a 

list of model applications.   
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2.1  General model presentation  

The world  version of the GEM-E3 model simultaneously represents 38 regions and 31 sectors4 

linked through endogenous bilateral trade flows. The model features perfect competition market 

regimes, discrete representation of power producing technologies, semi-endogenous learning by 

doing effects, equilibrium unemployment, option to introduce energy efficiency standards, 

formulates emission permits for GHG and atmospheric pollutants. The environmental module 

includes flexibility instruments allowing for a variety of options when simulating emission 

abatement policies, including: different allocation schemes (grandfathering, auctioning, etc.), 

user-defined bubbles for traders, various systems of exemptions, various systems for revenue 

recycling, etc. 

Its scope is general in two terms: it includes all simultaneously interrelated markets and 

represents the system at the appropriate level with respect to geography, the sub-system (energy, 

ÅÎÖÉÒÏÎÍÅÎÔȟ ÅÃÏÎÏÍÙɊ ÁÎÄ ÔÈÅ ÄÙÎÁÍÉÃ ÍÅÃÈÁÎÉÓÍÓ ÏÆ ÁÇÅÎÔȭÓ ÂÅÈÁÖÉÏÕÒȢ 

It formulates separately the supply or demand behaviour of the economic agents which are 

considered to optimize individually their objective while market derived prices guarantee global 

equilibrium, allowing the consistent evaluation of distributional effects of policies. 

It considers explicitly the market clearing mechanism and the related price formation in the 

energy, environment and economy markets: prices are computed by the model as a result of 

supply and demand interactions in the markets and different market clearing mechanisms, in 

addition to perfect competition, are allowed.  

The model formulates production technologies in an endogenous manner allowing for price-

driven derivation of all intermediate consumption and the services from capital and labour. In the 

electricity sector a bottom up approach is adopted for the representation of the different power 

producing technologies. For the demand-side the model formulates consumer behaviour and 

distinguishes between durable (equipment) and consumable goods and services. 

The model is dynamic, recursive over time, driven by accumulation of capital and equipment. 

Technology progress is explicitly represented in the production function, either exogenous or 

endogenous, depending on R&D expenditure by private and public sector and taking into account 

spillovers effects. Moreover it is based on the myopic expectations of the participant agents5. 

The design of GEM-E3 model has been developed following four main guidelines: 

- Model design around a basic general equilibrium core in a modular way so that different 

modelling options, market regimes and closure rules are supported by the same model 

specification. 

- &ÕÌÌÙ ÆÌÅØÉÂÌÅ ɉÅÎÄÏÇÅÎÏÕÓɊ ÃÏÅÆÆÉÃÉÅÎÔÓ ÉÎ ÐÒÏÄÕÃÔÉÏÎ ÁÎÄ ÉÎ ÃÏÎÓÕÍÅÒȭÓ ÄÅÍÁÎÄȢ 

- Calibration to a base year data set, incorporating detailed Social Accounting Matrices as 

statistically observed. 

                                                             

4 The regional and sectoral listing of the model can be found in the ANNEX 
5 The model extensions to represent market imperfections and economies of scale were carried out by the National Technical 
University of Athens (coordinator), the Catholic University of Leuven and Middlesex University. 
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- Dynamic mechanisms, through the accumulation of capital stock. 

The GEM-E3 model starts from the same basic structure as the standard World Bank models6. 

Following the tradition of these models, GEM-E3 is built on the basis of a Social Accounting Matrix 

(SAM). Technical coefficients in production and demand are flexible in the sense that producers 

can alternate the mix of production not only regarding the primary production factors but also 

the intermediate goods. Production is modeled through KLEM (capital, labour, energy and 

materials) production functions involving many factors (all intermediate products and three 

primary factors ɀcapital, natural resources and labour). At the same time consumers can also 

endogenously decide the structure of their demand for goods and services. Their consumption 

mix is decided through a flexible expenditure system involving durable and non-durable goods. 

The specification of production and consumption follows the generalized Leontief type of models7 

as initiated in the work of D. Jorgenson (1984). 

The GEM-E3 model is built in a modular way around its central CGE core. It supports defining 

several alternative regimes and closure rules without having to re-specify or re-calibrate the 

model. The most important of these options are presented below: 

- Capital mobility across sectors and/or countries 

- Flexible or fixed current account (with respect to the foreign sector) 

- Flexible or fixed labour supply 

- Market for pollution permits national/international, environmental constraints  

- Fixed or flexible public deficit 

- Perfect competition or Nash-Cournot8 competition assumptions for market competition 

regimes 

The model is not limited to comparative static evaluation of policies. The model is dynamic in the 

sense that projections change over time. Its properties are mainly manifested through stock/flow 

ÒÅÌÁÔÉÏÎÓÈÉÐÓȟ ÔÅÃÈÎÉÃÁÌ ÐÒÏÇÒÅÓÓȟ ÃÁÐÉÔÁÌ ÁÃÃÕÍÕÌÁÔÉÏÎ ÁÎÄ ÁÇÅÎÔÓȭ (myopic) expectations.  

The model is calibrated to a base year data set that comprises a full Social Accounting Matrices for 

each country/region represented in the model. Bilateral trade flows are also calibrated for each 

sector represented in the model, taking into account trade margins and transport costs. 

Consumption and investment is built around transition matrices linking consumption by purpose 

to demand for goods and investment by origin to investment by destination. The initial starting 

point of the model therefore, includes a very detailed treatment of taxation and trade.  

                                                             

6 The World Bank type of models constitutes the major bulk of equilibrium modelling experiences. This type of models was usually 
used for comparative statics exercises. The World Bank and associated Universities and scientists have animated a large number of 
such modelling projects, usually applied to developing countries. Main authors in this group are J. De Melo, S. Robinson, R. Eckaus, S. 
Devarajan, R. Decaluwe, R. Taylor, S. Lusy and others. These models however do not use full scale production functions but rather 
work on value added and their components to which they directly relate final demand 
7 The generalised Leontief type of model was first formulated empirically in the work of D. W. Jorgenson who introduced flexibility in 
the Leontief framework, using production functions such as the translog. The work of D. W. Jorgenson inspired many modelling efforts, 
in which particular emphasis has been put to energy. For example, such models have been developed in France, by P. Capros, N. Ladoux, 
in OECD (GREEN and WALRAS), in Sweden by L. Bergman and in Germany by K. Conrad. 
8 This option is available only for the EU version of the GEM-E3 model 
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Total demand (final and intermediate) in each country is optimally allocated between domestic 

and imported goods, under the hypothesis that these are considered as imperfect substitutes (the 

Ȱ!ÒÍÉÎÇÔÏÎȱ ÁÓÓÕÍÐÔÉÏÎ9). 

Figure 2: GEM-E3 economic circuit   
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Institutional regimes, that affect agent behaviour and market clearing, are explicitly represented, 

including public finance, taxation and social policy. The model represents goods that are external 

to the economy as for example damages to the environment.  

Figure 2 illustrates the overall structure of the GEM-E3 model.   

The internalization of environmental externalities is achieved either through taxation or global 

system constraints, the shadow costs of which affect the decision of the economic agents. In the 

GEM-E3 model global/regional/sectoral  constraints are linked to environmental emissions, 

changes in consumption or production patterns, external costs/benefits, taxation, pollution 

abatement investments and pollution permits. The model evaluates the impact of policy changes 

on the environment by calculating the change in emissions and damages and determines costs 

and benefits through an equivalent variation measurement of global welfare (inclusive 

environmental impact).  

 

 

  

                                                             

9See Armington (1969). 
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2.2 Counterfactual simulations  

Once the model is calibrated, the next step is to define a reference case scenario. The reference 

case scenario includes all already decided policies. The key drivers of economic growth n the 

model are labour force, total factor productivity and the expectations on sectoral growth. The 

ȰÃÏÕÎÔÅÒÆÁÃÔÕÁÌȱ ÅÑÕÉÌÉÂÒÉÁ ÃÁÎ Âe 

computed by running the model under 

assumptions that diverge from those of the 

reference scenario. This corresponds to 

scenario building. In this case, a scenario is 

defined as a set of changes of exogenous 

variables, for example a change in the tax 

rates. Changes of institutional regimes, 

that are expected to occur in the future, 

may be reflected by changing values of the 

appropriate elasticities and other model 

parameters that allow structural shifts 

(e.g. market regime). These changes are 

imposed on top of the assumptions of the 

reference scenario thereby modifying it. 

To perform a counterfactual simulation it 

is not necessary to re-calibrate the model. 

The different steps for performing a 

counterfactual simulation in GEM-E3 are 

depicted in the figure above.    

A counterfactual simulation is 

characterized by ÉÔÓ ÉÍÐÁÃÔ ÏÎ ÃÏÎÓÕÍÅÒȭÓ 

welfare or through the equivalent variation of his welfare function. The equivalent variation can 

be, under reasonable assumptions, directly mapped to some of the endogenous variables of the 

model such as consumption, employment and price levels. The sign of the change of the equivalent 

ÖÁÒÉÁÔÉÏÎ ÇÉÖÅÓ ÔÈÅÎ Á ÍÅÁÓÕÒÅ ÏÆ ÔÈÅ ÐÏÌÉÃÙȭÓ ÉÍÐÁÃÔ ÁÎÄ ÂÕÒÄÅÎ ÓÈÁÒÉÎÇ ÉÍÐÌÉÃÁÔÉÏÎÓȢ  The most 

important results, provided by GEM-E3, are as follows: 

- Dynamic annual projections in volume, value and deflators of national accounts by 

country. 

- Full Input-Output tables for each country/region identified in the model  

- Distribution of income and transfers in the form of a social accounting matrix by country. 

- Employment, capital, investment by country and sector. 

- Greenhouse gasses, atmospheric emissions, pollution abatement capital, purchase of 

pollution permits and damages. 

- Consumption matrix by product and investment matrix by ownership branch. 

- Public finance, tax incidence and revenues by country. 

- Full bilateral trade matrices. 
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2.3 Solution algorithm  

The model is formulated as a simultaneous system of equations with an equal number of variables. 

The system is solved for each year following a time-forwar d path. The model uses the GAMS 

software and is written as a mixed non-linear complementarity problem solved by using the PATH 

algorithm using the standard solver options. 

2.4 Policy Analysis Support  

The GEM-E3 model has been extensively used by several DGs of the European Commission for 

policy analysis (a non-exhaustive list of the applications performed with the model can be found 

in the ANNEX).  GEM-E3 is a general-purpose model that aims to cope with the specific orientation 

of the policy issues that are actually considered at the level of the European Commission. Policies 

are analyzed as counterfactual dynamic scenarios and are compared against reference model 

runs. Policies are then evaluated through their impact on sectoral growth, finance, income 

distrib ution and global welfare. 

The GEM-E3 model intends to cover the general subject of sustainable economic growth , and to 

support the study of related policy issues. Sustainable economic growth is considered to depend 

on combined environmental and energy strategies that will ensure stability of economic 

development. The general issue, to be analysed with GEM-E3, regards the conditions under which 

economic growth, and its distributional pattern, can be sustained in the presence of 

environmental constraints or energy shortages and even reinforced by means of an adequate 

technological and market-oriented policy. 

The model intends, in particular, to analyze the global climate change  issue a theme that 

embraces several aspects and interactions within the economy, energy and environment systems. 

To reduce greenhouse gas emissions it is necessary to achieve substantial gains in energy 

conservation and in efficiency in electricity generation, as well as to perform important fuel 

substitutions throughout the energy system, in favor of less carbon intensive energy forms. 

Moreover, within the context of increasingly competitive markets, new policy issues arise. For 

example, it is necessary to give priority to market-oriented policy instruments, such as carbon 

taxes and pollution permits, and to consider market-driven structural changes, in order to 

maximize effectiveness and alleviate macroeconomic consequences. Re-structuring of economic 

sectors and re-location of industrial activities may be also induced by climate change policies. This 

may have further implications on income distribution, employment, public finance and the 

current account. 

The model is designed to support the analysis of distributional effects  that are considered in two 

senses: distribution among countries and distribution among social and economic groups within 

each country. The former issues involve changes in the allocation of capital, sectoral activity and 

trade and have implications on public finance and the current account of member states. The 

assessÍÅÎÔ ÏÆ ÁÌÌÏÃÁÔÉÏÎ ÅÆÆÉÃÉÅÎÃÙ ÏÆ ÐÏÌÉÃÙ ÉÓ ÏÆÔÅÎ ÔÅÒÍÅÄ Ȱburden sharing analysis ȱȟ ×ÈÉÃÈ 

refers to the allocation of efforts (for example taxes), over different countries and economic 

agents. The analysis is important to adequately define and allocate compensating measures 

aiming at maximizing economic cohesion. Regarding both types of distributional effects, the 
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model can also analyze and compare coordinated versus non coordinated policies in the European 

Union. 

Technical progress and infrastructure  can convey factor productivity improvement to 

overcome the limits towards sustainable development and social welfare. For example, European 

RTD strategy and the development of pan-European infrastructure are conceived to enable long-

term possibilities of economic growth. The model is designed to support analysis of structural 

features of economic growth related to technology and evaluate the derived economic 

implications for competitiveness, employment and the environment.  

The model puts emphasis on: 

- The analysis of market instruments for energy-related environmental policy, such as 

taxes, subsidies, regulations, emission permits etc., at a degree of detail that is sufficient 

for national, sectoral and World-wide policy evaluation. 

- The assessment of distributional consequences of programmes and policies, including 

social equity, employment and cohesion for less developed regions. 

- The standard need of the European Commission to periodically produce detailed 

economic, energy and environment policy scenarios. 
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3 The GEM-E3 Database 

3.1 Social Accounting Matrix (SAM)  

After F. Quesnayȭs (1759) tableaux economique it was the Leontief input-output tables that 

attempted to describe the structural form and the interdependencies among the agents of an 

economic system. The need to synthesize the economic and the social dimension of these 

interdependencies led to the extension ÏÆ ÔÈÅ ,ÅÏÎÔÉÅÆȭÓ )/ ÔÁÂÌÅ ÉÎÔÏ ÔÈÅ 3ÏÃÉÁÌ !ÃÃÏÕÎÔÉÎÇ -ÁÔÒÉØ 

(SAM). These matrices are essentially a 

statistical methodological framework that 

allows the systematic recording of: i) the 

way that goods and services are produced 

and consumed and ii) the creation and 

distribution of income amongst the different 

economic agents.  SAMs are square matrices 

of monetary flows that describe all the 

money transactions that take place among 

the economic agents within a certain period 

of time (usually a year). The number of the 

agents defines the dimensions of the matrix.  

The columns of the matrix represent expenditures and the rows represent receipts. Expenditures 

equal receipts for each commodity. By construction the SAMs satisfy Walras law (the excess 

demand of all economic agents is zero).  The SAM on which the GEM-E3 model is based, is 

presented in Figure 3.The GEM-E3 SAM is expressed at producer prices10. The construction of the 

SAM is the starting point of the model building work. The SAMs of the world version of the GEM-

E3 model are based on the GTAP database, whereas for the European version, the symmetric 

input -output tables and national accounts from EUROSTAT are used.  

The SAM of GEM-E3 represents flows between production sectors, production factors and 

economic agents. The production sectors produce an equal number of distinct goods (or services), 

as in an Input-Output table. The SAM distinguishes between intermediate and primary production 

factors. The economic agents, namely households, firms, government and the foreign sector, are 

owners of the primary  production factors, so they receive income from labour and capital 

rewarding. All inter -institutional transactions amongst the different agents as recorded in the 

national accounts are captured by the SAM. The agents use part of their income for consumption 

and investment, and form final domestic demand. The foreign sector also makes transactions with 

each other sector. These transactions represent imports (as a row) and exports (as a column) of 

goods and services. The difference between income and spending (in consumption and 

investment) by an economic agent determines his surplus or deficit.

                                                             

10 Producer prices: all taxes on production are included (VAT and transportation cost are not included), purchaser price: Producer 
prices + transportation cost. 
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Figure 3: GEM-E3 Social Accounting Matrix  
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In the GEM-E3 model firms are modeled to maximize their profits , constrained by the physical 

capital stock (fixed within the current period) and the available technology. Producers can change 

their physical capital stock over time through investment.  Capital stock data by sector of 

production are not available either from GTAP or from EUROSTAT databases (it is computed in 

the calibration phase of the model).  

Households in the GEM-E3 SAM are identified as a single social group (a single representative 

household is modeled). Households maximize their inter -temporal utility under an inter -temporal 

budget constraint. The demand functions are derived by solving the maximization problem, under 

general assumptions regarding expectations and steady state conditions. These demand functions 

allocate the expected income of the household, depending on the formulation of the problem, 

between consumption goods and future consumption (savings). This is the default formulation of 

ÈÏÕÓÅÈÏÌÄÓȭ behaviour alternatively household behavior is modeled so that the consumer 

allocates its expected income between present, future consumption and leisure. For household 

consumption, the model considers an allocation mechanism. The allocation mechanism considers 

durable and non-durable goods. Durable goods include cars, heating systems and electric 

appliances, and their use involves demand for non-durable goods, mainly energy (fuels and 

electricity). 

3.2 Instit utional accounts  

The GEM-E3 model has a detailed representation of all institutional transactions between 

economic agents. The Institutional sectors according to the national accounts classification are 

presented in Table 3. The institutional accounts cover all the transactions between the 

institutional sectors of the economy.  

Table 3:  Institutional sectors  of the economy  

Sectors Description 

SS All Sectors 

S11  Non-financial corporations 

S12  Financial corporations 

S13  General government 

S14_S15  Households; non-profit institutions serving households 

S2  Rest of the world 

)Î ÏÒÄÅÒ ÔÏ ÂÕÉÌÄ ÔÈÅ ÔÁÂÌÅ Ȱtransactions ÂÅÔ×ÅÅÎ ÓÅÃÔÏÒÓȱ (FSESE - Figure 3) two sets of tables are 

required: i) The full set of tables for the full sequence of accounts of each institutional sector, ii) A 

matrix presentation of the most important transactions of the system.  A matrix presentation 

permits each transaction to be represented by a single entry and the nature of transaction to be 

inferred from its position.  

Table 4: D5 Taxes on Income - Germany 

  H F G W TOTAL 
H      0 
F      0 
G 217040 34590 0 2430 254060 
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W      110   110 
TOTAL 217040 34590 110 2430 254170 

 

Each transaction between two institutional sectors is represented by a column and a row pair. 

The convention followed is that resources are shown in the rows and uses are shown in the 

columns. For instance (see Table 4), taxes on income (D5) are payable by the Households and 

received by the government.  

The institutional transactions are grouped in two main categories: current account transactions 

and accumulation accounts. The current account and its different components as defined by the 

ESA 95 are presented below: 

The production account which refers to all transactions related to production (balancing item: Gross 

value added). 

Received (Resources) Paid (Uses) 

Output Intermediate consumption 
Gross Value Added Taxes less subsidies on products 

The generation of income account which shows how the proceeds of the production are allocated to 

the various income categories (balancing item: mixed income/gross operating surplus). 

Received (Resources) Paid (Uses) 

Compensation of Employees Net Value Added 
Other Taxes on Production Other Subsidies on production 

The allocation of primary income account which shows receipts and expenditures related to various 

forms of property income such as interests, dividends, rents, (balancing item: balance of primary 

incomes) 

Received (Resources) Paid (Uses) 

Property income Net operating surplus 
Interest Property income 

Distributed income of corporations Interest 

Dividends Distributed income of corporations 

Withdrawals from income of quasi-

corporations 

Dividends 

Net balance of primary incomes/Net 

national income 

 

Withdrawals from income of quasi-corporations 

 Net balance of primary incomes/Net national 

income 

 The secondary distribution of income account shows how the primary income of an institutional 

sector changes because of current taxes on income and wealth, social contributions and benefits, and 

other current transfers. The balancing item is disposable income. 

Received (Resources) Paid (Uses) 

Current taxes on income, wealth, etc. Net balance of primary incomes/Net national 

income 

 

Taxes on income Social contributions 

Other current taxes Actual social contributions 

Social benefits other than social transfers 

in kind 

Employers' actual social contributions 
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Other current transfers Other current transfers 

Net non-life insurance premiums Net non-life insurance premiums 

Non-life insurance claims Non-life insurance claims 

Current transfers within general 

government 

Current transfers within general government 

Current international cooperation Current international cooperation 

Miscellaneous current transfers Miscellaneous current transfers 

Net disposable income  

The use of disposable income account shows how disposable income is spent on consumption or saved  

(The balancing item is saving) 

Received (Resources) Paid (Uses) 

Adjustment for the change in net equity 

of households in pension funds reserves 

Net disposable income 

 
Net saving  

The external account brings together all transactions involving both euro area residents and non-

residents, viewed from the perspective of the non-residents.  

Received (Resources) Paid (Uses) 

Exports of goods and services Imports of goods and services 

 
External balance of goods and services 

 

 

The capital account is an accumulation account. It is divided into a change in net worth due to saving 

and capital transfers account and an acquisition of non-financial assets account. The first adds any 

net receipts of capital transfers to net saving. The balancing item is the change in net worth due to 

transactions. The acquisition of non-financial assets account records gross fixed capital formation 

(investment in non-financial assets), changes in inventories, and any net acquisition of valuables and 

other non-produced, non-financial assets (e.g. land). The balancing item of the capital account is net 

lending/net borrowing. 

Received (Resources) Paid (Uses) 

Capital transfers 

 

Net saving 

 
Capital taxes Capital transfers 

 
Investment grants Capital taxes 

Other capital transfers Investment grants 

Changes in net worth due to saving and capital transfers 

 

Other capital transfers 

In the following we provide the exact computation (through the national accounts) of the GEM-E3 

transfers. The main classifications of the ESA-95 national accounts are presented in Table 5. 

Table 5: National accounts ɀ institutional transfers categories  

B1G  Gross value added (at basic prices) 

B2G_B3G  Gross operating surplus and gross mixed income 

B5G  Gross national income/Balance of primary incomes, gross 

B6G  Gross disposable income 

B8G  Gross saving 

B11  External balance of goods and services 

B101  Changes in net worth due to saving and capital transfers 

B9  Net lending (+) /net borrowing ( -) 
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P1  Output 

P2  Intermediate consumption 

P3  Final consumption expenditure 

P5  Gross capital formation 

P6  Exports of goods and services 

P7  Imports of goods and services 

D1  Compensation of employees 

D2  Taxes on production and imports 

D21  Taxes on products 

D29  Other taxes on production 

D3  Subsidies 

D31  Subsidies on products 

D39  Other subsidies on production 

D4  Property income 

D5  Current taxes on income, wealth, etc. 

D6  Social contributions and benefits 

D61  Social contributions 

D62  Social benefits other than social transfers in kind 

D63  Social transfers in kind 

D7  Other current transfers 

D8  Adjustment for the change in net equity of households in pension funds reserves 

D9  Capital transfers 

K1  Consumption of fixed capital 

K2  Acquisitions less disposals of non-financial non-produced assets 

A detailed representation of the arrangement of national accounts can be found in the Appendix. 

3.3 Consumption matrix  

The consumption matrix decomposes the demand per consumer categories (COICOP, the list of 

the GEM-E3 consumer categories is found in the ANNEX) into deliveries by sector of production. 

These matrices are usually reported ÉÎ ÃÏÎÓÕÍÅÒȭÓ ÐÒÉÃÅÓ (ESA 95 valuation concept), i.e. VAT and 

margins are included in the price of the delivery and moreover margins are not considered as a 

separate delivery by a service branch. In the GEM-E3 model, this matrix is transformed in 

ÐÒÏÄÕÃÅÒȭÓ ÐÒÉÃÅÓȢ  

To this end, the following procedure is applied:  

i)  given the VAT rates for the different consumer categories, a consumption matrix 

without VAT is computed,  

ii)  the margins included in the deliveries by branch are evaluated as the difference 

between the consumption matrix deliveries (without VAT) and the IO deliveries,  

iii)  Margins are allocated between the services branches.  

Table 6 presents the consumption matrix coefficients of UK in the GEM-E3 product classification 

(as % shares in total consumption). 
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Table 6: UK Consumption matrix coefficients  
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Agriculture 9.7   0.1 0.2       1.5   

Coal    2.4           

Crude Oil               

Oil    5.8     55.7      

Gas    22.7           

Electricity 
supply 

   69.0           

Ferrous 
metals 

              

Non ferrous 
metals 

  0.6  4.2 1.2   0.1    0.5  

Chemical 
Products 

  3.1  11.2  30.2  2.0   0.6 9.3  

Paper 
Products 

  1.0  7.4       0.1 13.1  

Non metallic 
minerals 

  0.3  5.1        0.1  

Electric 
Goods 

    20.7 0.1   1.9  3.4    

Transport 
equipment 

    7.0   81.6 3.6      

Other 
Equipment 
Goods 

  0.8  22.5 87.2 21.8     6.7 7.1  

Consumer 
Goods 
Industries 

90.1 98.0 0.9  15.7       2.1 0.6  

Construction   6.3            

Transport 
(Air) 

         42.8     

Transport 
(Land) 

         48.9     

Transport 
(Water) 

         6.2     

Market 
Services 

0.2 2.0 83.8  5.9 11.5 2.6 18.4 33.1 1.4 96.6 10.4 58.2  

Non Market 
Services 

  3.3    45.4  3.5 0.7  78.5 11.0 100.0 

Total 100 100 100 100 100 100 100 100 100 100 100 100 100 100 

 

 

In the cases where consumption matrices are not available from statistical sources, they are 

computed through the following way:  
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i. The consumption per consumer category (COICOP) is extracted from the 

National-Accounts (final consumption of households on the economic territory, 

by purpose) and corrected for the consumption by tourist,  

ii. Given the VAT rates for the different consumer categories, the total consumption 

per category without VAT is computed,  

iii.  Total deliveries are taken from the Input-Output tables,  

iv. Once the row and columns totals of the consumption matrix are computed for 

each country/region a RAS procedure is applied (the initial coefficients for the 

RAS are taken from countries with available consumption matrices). 

3.4 Investment matrix  

The investment matrix decomposes investment by sector of production into deliveries by 

branches.  Hence the row total represents the consumption of fixed capital found in the IO tables 

and the column total represents the investment each firm performs within a year. Data regarding 

investments in power generation technologies have been extracted from JEDI11 and EWEA (2009). 

In the GEM-E3 model, investments are computed:  

i. by applying the uniform investment coefficients based on gross fixed capital 

formation found in the IO tables and by adding additional data for specific 

branches (where available), 

ii. by applying a RAS method in order to ensure that the investment shares are in 

line with the consumption of the fixed capital.  

Table 7: Deliveries of branches to firm investment for selected coun tries  

  Germany Spain France UK USA Japan China India 

Agriculture 0.39 0.20 0.14 0.17   0.07 1.21 0.20 

Ferrous metals 0.07             2.11 

Non ferrous  metals 3.05 2.32 1.27 3.38 0.57 0.48 0.90 4.09 

Chemical Products 0.15 0.03   0.29 0.12   0.03 1.02 

Paper Products 0.17     0.35         

Non metallic minerals 0.04 0.01 0.01 0.16 0.01 0.01   0.36 

Electric Goods 8.80 5.04 1.24 9.57 6.98 10.50 4.69 3.52 

Transport equipment 10.90 9.28 4.72 9.53 12.59 5.06 9.03 7.77 

Other Equipment Goods 23.37 14.34 7.07 16.76 16.62 14.52 21.92 24.77 
Consumer Goods 
Industries 1.09 0.14 0.03 0.30 3.01 0.32 1.12 0.06 

Construction 41.04 52.06 58.16 45.47 45.72 52.93 53.46 48.62 

Transport (Air)         0.31   0.05 0.29 

Transport (Land) 0.08 0.09 0.09 0.43 0.78 0.60 0.19 2.47 

Transport (Water)       0.15 0.14 0.04 0.09 0.03 

Market Services 9.96 15.92 26.37 12.01 13.14 15.45 6.97 4.70 

Non Market Services 0.88 0.56 0.89 1.41     0.31   

Total 100 100 100 100 100 100 100 100 

                                                             

11 See: http://www.nrel.gov/analysis/jedi/about_jedi.html 
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From Table 7 it is clear that the investment deliveries are basically made by the branches of:  

Electric Goods, Transport Equipment, Other Equipment Goods Industries, Market services and 

Construction with  the latter having the largest share in the deliveries for investment among all 

branches. 

3.5 Labour market  data 

The following data are essential for the modeling of GEM-E3 labor market: 

i. Skilled and unskilled labor force (total and by category),  

ii. Unemployment rate for skilled and unskilled labour force.  

The GEM-E3 model adopts the EUROSTAT definition of the labour force and thus it is computed 

by multiplying the participation rate to total active population. The databases mainly used to 

extract these data are the EUROSTAT, ILO and WorldBank. 

3.6 Bilateral Trade  

Regarding foreign trade data, the GEM-E3 model requires detailed bilateral trade matrices for all 

regions and commodities included in the model. GTAP database provides such matrices together 

with bilateral duties and transportation costs. For countries that are not identified separately in 

GTAP the UN Comtrade database is used in order to extract the relevant data. 

3.7 GHG emissions 

The GEM-E3 model covers the following greenhouse gasses: CO2, CH4, N2O, HFCs, PFs and SF6. In 

the model these emissions are linked to the activity level of the relevant sectors. This link is 

presented in Table 8. Data on GHG emissions are extracted from the UNFCCC database and 

estimates for process related GHG MACCs are taken from "Global mitigation of non-CO2 GHG" EPA 

report (2006),  and IIASA database. 

Table 8: GHG emission sources and link with GEM-E3 activities  

GHG Sources GEM-E3 activity % in total GHG 
emissions of 

Annex-I (2005) 

GWP 

CO2 Burning of fossil fuels 
 

Coal, Oil, Gas 
0,785 1 

CO2 Cement production12  Other energy 
intensive 

0,04 1 

                                                             

12 Non-energy related CO2 from industry is mainly generated during the production of clinker. IPCC suggests an emission factor of 

0.5071 tCO2 per tone of clinker or 0.4985 tCO2 per tone of cement 
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CH4 Waste management, Gas and 
Coal mining, Oil, Animals 

Coal, Oil, Gas, 
Agriculture, Public 

services 
0,12 24 

ɦ2ɨ Burning of fossil fuels, 
Transport, Production of 
adipic and nitric acid (nylon) , 
Fertilizers 
 

Coal, Oil, Gas, 
Transport, Chemical 
products, Agriculture 0,057 310 

HFC CFC substitute, 
Production of HCFC-22, 
refrigerators 

Chemical products, 
Equipment goods 0,0119 2000 

PFC Production of aluminium, 
semiconductors 

Ferrous and non 
ferrous metals, 

Equipment goods 
0,002 6800 

SF6 Magnesium production, 
power distribution , 
Production of aluminium 

Power supply, Ferrous 
and non ferrous 

metals 
0,002 22200 

 

4 Mathematical model statement  

4.1 Household b ehaviour  

Households receive income from their ownership of production factors, from other institutions 

and transfers from the rest of the world. Household expenditure is allocated between 

consumption, tax payment and savings. The representative household firstly decides on the 

allocation of its income between present and future consumption of goods. At a 2nd stage the 

household allocates its total consumption expenditure between the different consumption 

categories available. The consumption categories are split in non-durable consumption categories 

(food, culture etc.) and services from durable goods (cars, heating systems and electric 

appliances). The general form that is described above is being depicted with a nesting scheme as 

it is appeared below. 
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Figure 4: The consumption structure of the GEM-E3 model  
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The general specification of the 1st stage problem, with a time separable Stone-Geary utility 

function, can be written as follows: 

ÍÁØὟ ȟ ρ ίὸὴȟ ϽὦὬ ȟϽÌÎὌὅὈὝὕὝὠȟ ὧὬ ȟ  
[4.1.1] 

where: 

HCDTOTVer,t: represents the consumption of goods (in volume),  

stper,t: the subjective discount rate of the households, or social time preference,  

cher,t:  the subsistence quantity of consumption,  

bher,tt: the share of consumption in the disposable income of the householdshouseholds (equal to 

unity in the standard version of the GEM-E3, where no leisure choice is considered). 

 The maximization is subject to the following inter-temporal budget constraint, which states that 

all available disposable income will be spent either now or sometime in the future: 

ρ ὶȟ ϽὌὅὈὝὕὝȟ ὖὅὍȟϽὧὬ ȟ ρ ὶȟ ϽὣὝὙȟ ὖὅὍȟϽὧὬ ȟ  [4.1.2] 

where: 

rer,t : discount rate,  

HCDTOTer,t : total private consumption, 

PCIer,t : consumer price index, 

YTRer,t : total available income of the households from all sources 
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The non wage income is income such as interest payments from assets, share in firmsȭ profits, 

social benefits, and remmitances. Based on myopic assumptions about the future, the household 

decides the desired amount of income.  For a given time t, the budget constraint becomes: 

942ȟ 9$)30ȟ [4.1.3] 

where: 

YDISPer,t  : the disposable income, 

Equation [4.1.3] states that at a given period in time the sum of the total income and the value of 

the householdȭÓ time endowment will be equal to the income available for consumption and 

savings. Under myopic expectations, the values of the right hand-side in equation [4.1.2] are 

assumed to increase at a constant rate f (say, according to the wage rate). Then the r.h.s of the 

equation, combined with equation [4.1.3], for a given year (for example t=0) becomes: 

ρ ὶȟ Ͻρ Ὢȟ ϽὣὈὍὛὖȟ ὖὅὍȟϽὧὬ ȟ ὣὈὍὛὖȟ ὖὅὍȟϽὧὬ ȟ

Ͻ
ρ ὶȟ

ρ Ὢȟ
ὣὈὍὛὖȟ ὖὅὍȟϽὧὬ ȟ Ͻ

ρ

ὶὶȟ

ρ

ὶὶȟ
ϽὍὅȟ 

[4.1.4] 

Where: 

rr er,t:  the real interest rate. In the GEM-E3 model it is defined as ὶὶȟ ὙὒὝὒὙὉὟϽὙὒὝὒὙϽ

ὙὒὝὒὙὡὕὙὒὈ  for the case in which the country is member of the European Union and ὶὶȟ
ὙὒὝὒὙϽὙὒὝὒὙὡὕὙὒὈ for all the other countries. 

ICer,t : total available income at period t=0. 

Equation [4.1.4] is the present value of the total income of the household. The factor 

 В ȟ

ȟ
 can be approximated by  

ρ

ὶὶὩὶȟὸ
  , that is the inverse of the real discount rate (for a T 

sufficiently large В ȟ

ȟ
converges to  

ȟ
). 

 

At an arbitrary year the maximization problem of the household is: 

ÍÁØὟ ȟ ρ ίὸὴȟ ϽὦὬ ȟϽÌÎὌὅὈὝὕὝὠȟ ὧὬ ȟ      

such that: 

ρ ὶȟ ϽὌὅὈὝὕὝȟ ὖὅὍȟϽὧὬ ȟ ρ ὶȟ Ͻρ Ὢȟ ϽὍὅȟ
 

The Lagrangian of the above problem is: 

fl ρ ίὸὴȟ ϽὦὬ ȟϽÌÎὌὅὈὝὕὝὠȟ ὧὬ ȟ ‗Ͻρ ὶȟ

ϽὌὅὈὝὕὝȟ ὖὅὍȟϽὧὬ ȟ ρ Ὢȟ ϽὍὅȟ  
[4.1.5] 

Taking the first order conditions and the budget constraint [4.1.2], the derived demand function 

is obtained: 

ρ ίὸὴȟ Ͻ
ὦὬ ȟ

ὌὅὈὝὕὝὠȟ ὧὬ ȟ

‗Ͻρ ὶȟ ϽὖὅὍȟ πᵼ 
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ᵼ ὌὅὈὝὕὝὠȟ ὧὬ ȟ

ρ

‗
Ͻ
ρ ίὸὴȟ
ρ ὶȟ

Ͻ
ὦὬ ȟ

ὖὅὍȟ
 [4.1.6] 

The value of the Lagrangian multiplier ʇ can be derived by summing up this equation over time, 

and substituting the demand function into the budget constraint yields: 

ρ ὶȟ ϽὌὅὈὝὕὝȟ ὖὅὍȟϽὧὬ ȟ

ρ

ὶὶ
ϽὍὅȟᵼ ρ ὶȟ ϽὖὅὍȟϽὌὅὈὝὕὝȟ ὧὬ ȟ

ρ

ὶὶ
ϽὍὅȟᵼ ρ ὶȟ ϽὖὅὍȟϽ

ρ

‗

ρ ίὸὴȟ
ρ ὶȟ

Ͻ
ὦὬ ȟ

ὖὅὍȟ

ρ

ὶὶȟ
ϽὍὅȟ

ᵼ ρ ίὸὶȟ ϽὦὬ ȟ Ͻ
ρ

‗

ρ

ὶὶȟ
ϽὍὅȟᵼ

ρ

‗

ίὸὴȟ
ὶὶȟ

Ͻ
ρ

ὦὬ ȟ
ϽὍὅȟ 

 

Expressing now the equation [4.1.6]for the current time period (t=0) and using the value of the 

multiplier, the demand function used in the model is obtained: 

ὌὅὈὝὕὝὠȟ

ừ
Ử
Ừ

Ử
ứὧὬ ȟ

ίὸὴȟ
ὙὒὝὒὙὉὟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ

Ͻ
ὦὬ ȟ

ὖὅὍȟ
ϽὣὈὍὛὖȟ ὕὄὒȟ ὭὪ ὩὶὩόὧςχ

ὧὬ ȟ

ίὸὴȟ
ὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ

Ͻ
ὦὬ ȟ

ὖὅὍȟ
ϽὣὈὍὛὖȟ ὕὄὒȟ ὭὪ ὩὶὩόὧςχ

 [1] 

   

where: 

ὕὄὒȟ  ὖὅὍȟϽὧὬ ȟ: the minimum obliged consumption of goods. 

Given the fact that the model is calibrated to a base year dataset in which households have a 

positive savings rate, the computed stp is less than rr . The savings rate in the above equation is 

not fixed but rather depends on factors such as the social time preference, the real interest rate 

and the relative shares of consumption in total disposable income. 

In an alternative formulati on of the model, household allocates its income between present and 

future consumption of goods and leisure. The utility function can be written as: 

ÍÁØὟ ȟ ρ ίὸὴȟ ϽὦὬ ȟϽÌÎὌὅὈὝὕὝὠȟ ὧὬ ȟ  ὦὰȟϽÌÎὒὐὠȟ ὧὰȟ  

 

where: 

LJVer,t: represents the consumption of leisure, 

bleur,t : the respective shares of leisure in the disposable income of the households 

The intertemporal budget constraint is now augmented so as to include the value of the 

ÈÏÕÓÅÈÏÌÄÓȭ ÔÉÍÅ ÅÎÄÏ×ÍÅÎÔ ÁÎÄ ÃÁÎ ÂÅ ×ÒÉÔÔÅÎ ÁÓȡ 
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ρ ὶȟ ϽὌὅὈὝὕὝȟ ὖὅὍȟϽὧὬ ȟ ὖὒὐȟϽὒὐὠȟ ὖὒὐȟϽὧὰȟ

ρ ὶȟ ϽὣὝὙȟ ὖὒὐȟϽὒὝὕὝȟ ὖὅὍȟϽὧὬ ȟ ὖὒὐȟϽὧὰȟ  

where: 

PLJer,t : the price of leisure, 

LTOTer,t : total available time to households, 

Based on myopic assumptions about the future, the household decides the amount of leisure that 

wishes to forsake in order to acquire the desired amount of income (thus also defining labour 

supply behaviour).  The budget constraint states that at a given period in time the sum of the total 

income will be equal to the income available for consumption, plus savings, plus the value of 

leisure:  

942ȟ ὖὒὐȟϽὒὝὕὝȟ 9$)30ȟ ὖὒὐȟϽὒὐὠȟ 

 

Assuming that the total available income increases at a constant rate (as in the standard problem 

described above) and solving the maximization problem gives rise to the following first order 

conditions, namely the demand functions for consumption and leisure: 

ὌὅὈὝὕὝὠȟ

ừ
Ử
Ừ

Ử
ứὧὬ ȟ

ίὸὴȟ
ὙὒὝὒὙὉὟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ

Ͻ
ὦὬ ȟ

ὖὅὍȟ
ϽὣὈὍὛὖȟ ὖὒὐὩὶȟὸϽὒὐὠὩὶȟὸ ὕὄὒȟ ὭὪ ὩὶὩόὧςχ

ὧὬ ȟ

ίὸὴȟ
ὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ

Ͻ
ὦὬ ȟ

ὖὅὍȟ
ϽὣὈὍὛὖȟ ὖὒὐὩὶȟὸϽὒὐὠὩὶȟὸ ὕὄὒȟ ὭὪ ὩὶὩόὧςχ

 

  

ὒὐὠȟ

ừ
Ử
Ừ

Ử
ứ ὧὰȟ

ίὸὴȟ
ὙὒὝὒὙὉὟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ

Ͻ
ὦὰȟ
ὖὒὐȟ

ϽὣὈὍὛὖȟ ὖὒὐȟϽὒὐὠȟ ὕὄὒȟ ὭὪ ὩὶὩόὧςχ

 ὧὰȟ
ίὸὴȟ

ὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ
Ͻ
ὦὰȟ
ὖὒὐȟ

ϽὣὈὍὛὖȟ ὖὒὐȟϽὒὐὠȟ ὕὄὒȟ ὭὪ ὩὶὩόὧςχ

  

ὕὄὒȟ  ὖὅὍȟϽὧὬ ȟ ὖὒὐȟϽὧὰȟ 

With the obliged consumption being now modified as to include the value of the minimum leisure 

consumed. 

At the second stage, total consumption is further decomposed into demand for specific 

consumption goods. For this allocation an integrated model of consumer demand for non-

ÄÕÒÁÂÌÅÓ ÁÎÄ ÄÕÒÁÂÌÅÓȟ ÄÅÖÅÌÏÐÅÄ ÂÙ #ÏÎÒÁÄ ÁÎÄ 3ÃÈÒĘÄÅÒ ɉρωωρɊ ÉÓ ÉÍÐÌÅÍÅÎÔÅÄȢ  

The rationale behind the distinction between durables and non-durables is that the households 

obtain utility from consuming a non-durable good or service and from using a durable good. So 

for the latter the consumer has to decide on the desired stock of the durable based not only on the 

relative purchase cost of the durable, but also on the cost of those goods that are needed in 

connection with the durable (as for example fuels for cars or for heating systems).  

The consumer problem can be written as: 
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ÍÁØὟ ὌὅὊὠὧὬὧὪὺ ὛὌὍὔὠ ὧὬὧὪὺ  [4.1.7] 

under the constraint: 

ὖὌὅὊὠϽὌὅὊὠὖὌὅὊὠϽὌὅὔὈὝὕὝὠ [4.1.8] 

where: 

Uc: the level of utility, 

ND: index of non durable goods, 

DG: index of durable goods,  

HCFV: consumption (in volume), 

PHCFV: consumption price,  

SHINV: stock of durables (assumed to be fix),  

chcfv: the obliged consumption in volume,  

bhcfv: the share parameter per consumption category, 

Non-durable goods and services are denoted by the index ND while durables by the index DG. 

The Langragian of the problem is: 

fl ὌὅὊὠὧὬὧὪὺ ὛὌὍὔὠ ὧὬὧὪὺ ‗Ͻ ὖὌὅὊὠϽὌὅὊὠὖὌὅὊὠϽὌὅὔὈὝὕὝὠ 

 

 

 

Taking the first order conditions: 

‬Љ

‬ὌὅὊὠ

ὄὌὅὊὠ

ὌὅὊὠὧὬὧὪὺ
Ͻ ὌὅὊὠὧὬὧὪὺ ὛὌὍὔὠ ὧὬὧὪὺ ‗ϽὖὌὅὊὠḳπ

ᵼὌὅὊὠὧὬὧὪὺ
ὦὬὧὪὺ

ὖὌὅὊὠ
ὌὅὊὠὧὬὧὪὺ ὛὌὍὔὠ ὧὬὧὪὺ Ͻ

ρ

‗
 

Substituting the above equation into :  
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ὖὌὅὊὠϽὌὅὊὠὖὅϽὌὅὔὈὝὕὝὠᵼ ὖὌὅὊὠϽὌὅὊὠὧὬὧὪὺ

ὖὌὅὊὠϽὌὅὔὈὝὕὝὠὖὌὅὊὠϽὧὬὧὪὺ

ᵼ ὖὌὅὊὠϽ
ὦὬὧὪὺ

ὖὅ
ὌὅὊὠὧὬὧὪὺ Ͻ ὛὌὍὔὠ ὧὬὧὪὺ Ͻ

ρ

‗

ὖὌὅὊὠϽὌὅὔὈὝὕὝὠὖὌὅὊὠϽὅὌὅὊὠᵼ
ρ

‗

ρ

В ὖὌὅὊὠϽ
ὦὬὧὪὺ
ὖὌὅὊὠ

Б ὌὅὊὠὧὬὧὪὺ ϽБ ὛὌὍὔὠ ὧὬὧὪὺ

ϽὖὌὅὊὠϽὌὅὔὈὝὕὝὠὖὌὅὊὠϽὧὬὧὪὺ 

Using the value of the multipli er, the demand functions to be used in the model are obtained:                                                                                                                                                                                                                                         

ὌὅὊὠȟ ȟ ὧὬὧὪὺȟ ȟ
ὦὬὧὪὺȟ ȟ
ὖὌὅὊὠȟ ȟ

ϽὌὅὔὈὝὕὝȟ ὖὌὅὊὠȟ ȟϽὧὬὧὪὺȟ ȟ  [2] 
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By substituting demand function [2] in the utility function  [4.1.7], one can derive the following 

expenditure function ÆÏÒ ÎÏÎ ÄÕÒÁÂÌÅÓ ɉ3ÃÈÒĘÄÅÒ ɉρωωρɊ ȡ 

Ὗ ὌὅὊὠὧὬὧὪὺ ὛὌὍὔὠ ὧὬὧὪὺ ᵼὟ

ὦὬὧὪὺ

ὖὌὅὊὠ
ϽὌὅὔὈὝὕὝ ὖὌὅὊὠϽὧὬὧὪὺ ὛὌὍὔὠ ὧὬὧὪὺ

ᵼ ὌὅὔὈὝὕὝ ὖὌὅὊὠϽὧὬὧὪὺ Ὗ

Ͻ ὛὌὍὔὠ ὧὬὧὪὺ
ὦὬὧὪὺ

ὖὌὅὊὠ

ᵼ ὌὅὔὈὝὕὝ ὖὌὅὊὠϽὧὬὧὪὺ

В

Ὗ Ͻ ὛὌὍὔὠ ὧὬὧὪὺ
ὦὬὧὪὺ

ὖὌὅὊὠ
ᵼὌὅὔὈὝὕὝ

ὖὌὅὊὠϽὧὬὧὪὺὟ Ͻ ὛὌὍὔὠ ὧὬὧὪὺ
ὦὬὧὪὺ

ὖὌὅὊὠ
 

Therefore: 

ὉὟȟὴȟίὨὫ ὖὌὅὊὠϽὧὬὧὪὺ Ὗ Ͻ ὛὌὍὔὠ ὧὬὧὪὺ Ͻ
ὖὌὅὊὠ

ὦὬὧὪὺ
 [4.1.9] 

where HCNDTOT is equal to E, the total expenditure on non durables, which gives the (minimum) 

expenditure on non durables given the stock of durables and the utility level U. By assuming that 

the household decides the amount of stock of durables the cost of using a durable is obtained by 

differentiating the above expenditure function with respect to the stock of each of the durables: 

‬Ὁ

‬ὛὌὍὔὠ

ὦὬὧὪὺϽὌὅὔὈὝὕὝВ ὖὌὅὊὠϽὧὬὧὪὺ

ὛὌὍὔὠὧὬὧὪὺ
 

The cost of operating the durables (i.e. the consumption of linked non durables) is included in the 

user's cost of the durable PDUR: 

ὖὈὟὙȟ ȟ

ừ
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
ứ

ὖὌὅὊὠȟ ȟϽὙὒὝὒὙὉὟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈὨὩὧὰὬ ȟ ȟ

ὸὼὴὶέὴὩὶὸώȟ ȟϽρ ὙὒὝὒὙὉὟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ

ὨὭίὴὧέὲίȟ ȟ ȟ άὭὲὧέὲίȟ ȟ ȟ

ὩὪᾭὰὰὲὨὧȟ ȟ ȟ

ϽὖὟὌὅὊὠὈὋȟ ȟ ȟ       ὭὪ ὩὶὩόὧςχ

ὖὌὅὊὠȟ ȟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈὨὩὧὰὬ ȟ ȟ

ὸὼὴὶέὴὩὶὸώȟ ȟϽρ ὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈ

ὨὭίὴὧέὲίȟ ȟ ȟ άὭὲὧέὲίȟ ȟ ȟ

ὩὪᾭὰὰὲὨὧȟ ȟ ȟ

ϽὖὟὌὅὊὠὈὋȟ ȟ ȟ    ὭὪ ὩὶὩόὧςχ

 [3] 

where: 

declhdg,er,t: the replacement rate for durable goods, 

txproperty dg,er,t: the property tax for the durables, 

lnd: the set defining all linked non-durable goods, 

PUHCFVDGlnd,dg,er,t: the user cost of linked non-durables including the abatement cost, 
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minconslnd,dg,er,t: the rate of minimum consumption of the non-durable good that is needed for a 

positive service flow to be created, 

dispconslnd,dg,er,t: the rate of the consumption of the linked non-durable good that is used along 

with the durable so as to provide positive service flow. That is the consumption of non durables 

per unit of durable (e.g. consumption of gasoline by a car),: 

ὨὭίὴὧέὲίȟ ȟ ȟ ὥὰὴὬὨὭίὴȟ ȟ ȟϽ
ὖὅὍȟ

ὖὌὅὊὠὈὋȟ ȟ ȟ

ȟ ȟ ȟ

 [4] 

where: 

alphadisplnd,dg,er,t: a ratio coefficient,  

etadisplnd,nd,er,t: a price elasticity. 

PCIer,t: the price index of private consumption in year t  

The last part of the user cost equation links some non-durable goods to the use of durables. Energy 

is the main linked non-durable good. Energy complements the use of durables in order for them 

to provide a positive service flow. Consumption of energy does not affect the expenditure of 

durables through the change in preferences but rather through the additional burden in the user 

cost. To calculate the desired stock levels of the durables, this quantity is set equal to the marginal 

cost of holding one more unit of durable goods for one period. The desired stock of the durables 

is: 

ὛὌὍὔὠȟ ȟ ὧὬὧὪὺȟ ȟ
ὦὬὧὪὺȟ ȟ

ὖὈὟὙȟ ȟ
ϽὌὅὔὈὝὕὝȟ ὖὌὅὊὠȟ ȟϽὧὬὧὪὺȟ ȟ  [5] 

where: 

PHCFVer,t: the price of private consumption category, 

The demand for linked non-durable goods, coupled with the use of the durable is then: 

ὒὒὔὈὅȟ ȟ ȟ

ὨὭίὴὧέὲίȟ ȟ ȟ άὭὲὧέὲίȟ ȟ ȟ

ὩὪὪὭᾲὰὲὨὧȟ ȟȟ
ϽὛὌὍὔὠȟ ȟ ȟ [6] 

where: 

efi_llndclnd,dg,er,t: efficiency parameter for household. 

 

If there is no need for the use of the non-durable good, minconslnd,dg,er,t in the first equation of the 

linked non-durables becomes zero, and thus: 

ὌὅὊὠȟ ȟ ὧὬὧὪὺȟ ȟ
ὦὬὧὪὺȟ ȟ

ὖὌὅὊὠȟ ȟ
ὌὅὔὈὝὕὝȟ ὖὌὅὊὠȟȟϽὧὬὧὪὺȟ ȟ

ὒὒὔὈὅȟ ȟ ȟ 
[7] 

4ÏÔÁÌ ÈÏÕÓÅÈÏÌÄÓȭ ÅØÐÅÎÄÉÔÕÒÅ ÉÓ ÔÈÅÎ ÔÈÅ ÓÕÍ ÏÆ ÃÏÎÓÕÍÐÔÉÏÎ ɉÆÏÒ ÎÏÎ-linked non-durables) plus 

investment in durables plus consumption in non-durables used with durables. 

ὌὅὈὝὕὝȟ ὌὅὔὈὝὕὝȟ ὌὅὊὠȟȟϽὖὌὅὊὠȟ ȟ ὒὒὔὈὅȟ ȟ ȟϽὖὌὅὊὠȟȟ  [8] 

where: 
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В ὌὅὊὠȟ ȟ: represents the change in stocks of durables or in other words, the net investment 

that is necessary to move towards the long run equilibrium durable goods levels.  

Assuming a rate of replacement declh, this investment is equal to: 

ὌὅὊὠȟ ȟ
ὛὌὍὔὠȟ ȟ ρ ὨὩὧὰὬ ȟ ȟ ϽὛὌὍὔὠȟȟ

ρ ὨὩὧὰὬ ȟȟ ρ
Ͻρ ὨὩὧὰὬ ȟ ȟ ρ [9] 

where SHINVdg,er,t-1 is the stock of durable goods of the previous period, which is known in the 

current period. The demand for consumption categories is then transformed into demand for 

products through a consumption transition matrix with fixed technical coefficients: 

Ὄὅὠȟ ȟ
ὸὬὧὪὺȟ ȟ ȟ

Ὡ ȟ ȟ Ȣ
ϽὌὅὊὠȟ ȟ ȟ  

    

[10] 

Equation    [10] determines the final consumption expenditure of the households. The total 

consumption, for all goods, in a country is given by: 

ὌὅὈὝὕὝὠȟ Ὄὅὠȟ ȟ  
 

[4.1.10 

] 

The consumption transition matrix is also used to compute the consumption price by function, as 

the weighted average of the delivery prices of products to private consumption (PH):  

 

ὖὌὅὊὠȟ ȟ

ừ
Ử
Ừ

Ử
ứ

ὸὬὧὪὺȟ ȟ ȟ

Ὡ ȟ ȟ ȟ
ϽὖὌὅȟ ȟ ὭὪ Ὢὲ ὲὰὲὨ

В ὖὟὌὅὊὠὈὋȟ ȟ ȟ ϽὒὒὔὈὅȟ ȟ ȟ

В ὒὒὔὈὅȟ ȟ ȟ
ὭὪ Ὢὲ ὰὲὨ

 [11] 

A cost-of-livi ng index can be derived as the ratio between the value and the volume of 

consumption; it gives the change in the consumer price relative to the numeraire. 

 

ὖὅὍȟ
В ὖὌὅȟ ȟϽὌὅὠȟ ȟ

В Ὄὅὠȟ ȟ
 [12] 

 

4.2 Firms b ehaviour  

Each producer (represented by an activity) is assumed to maximize profits, defined as the 

difference between the revenue earned and the cost of factors and intermediate inputs. Profits are 

maximized subject to its production technology. Domestic production is defined by branch. It is 

assumed that each branch produces a single good which is differentiated from any other good in 

the economy. Production functions in GEM-E3 exhibit a nested separability scheme, involving 

capital (K), skilled and unskilled labour (ὒ , ὒ ), energy (E) and materials (M) and are 

based on a CES neo-classical type of production function. The exact nesting scheme of production 

in GEM-E3 has been selected to match available econometric data on KLEM substitution 

elasticities and the specific features of each activity. The optimal production behaviour can be 

represented in the primal or the dual formulation. Their equivalence, under certain assumptions, 

can be verified by the theory of production behaviour and is illustrated with the following 

formulations. 
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The primal formulation is given by: 

ὢὈ ȟϽὢȟ‏ ϽὩ Ͻ Ͻ  

ὢȟ ὢὈϽ‏ȟϽ
ὖϽὩ Ͻ Ͻ

ὖὢȟ
 

ὖϽὢὈ ВὖὢȟϽὢȟ  (zero profit condition)  

where:  

XDi: production in volume, 

Xi,j: production factor, 

Pi: the output price of domestic production, 

ɿi,j: scale factors for the production factors (intermediate consumption, energy, capital and 

labour),  

PXi,j: the price of the factor j , 

ʎ: the elasticity of substitution.  

The last factor in the equation reflects the technical progress that is embedded in the production 

factors (tpj is the rate of technical progress embedded in production factor j ). 

The dual formulation is given by: 

ὖ ȟϽὖὢȟ‏ ϽὩ Ͻ Ͻ  

ὢȟ ὢὈϽ‏ȟϽ
ὖϽὩ Ͻ Ͻ

ὖὢȟ
 

ὖϽὢὈ ВὖὢȟϽὢȟ  (zero profit condition)  

 

It can be proved, that under constant returns to scale, the two formulations are exactly the same. 

In both formulations, an equation for the equality between desired and existing capital is added 

and one of the (j+1) equations (j derived demand functions and the zero profit condition) are 

redundant:  

- Either the demand of capital is redundant and the zero profit condition serves to compute 

the rate of return on capital. 

- Or the zero profit equation is suppressed and the equilibrium on the capital market 

determines the rate of return on capital. 

It is easy to prove that the primal and the dual formulation to the same solution. 

In the model the dual formulation is used and the long run unit cost function is of the nested CES 

type with factor-augmenting technical change, i.e. price diminishing technical change. The firm (at 

branch level) decides its supply of goods or services given its selling price and the prices of 

production factors. The production technology exhibits constant return of scale. The firm supplies 
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its good and selects a production technology so as to maximise its profit within the current year, 

given the fact that the firm cannot change the stock of productive capital within this period of time. 

The firm can change its stock of capital the following year, by investing in the current one. Since 

the stock of capital is fixed within the current year, the supply curve of domestic goods is upwards 

sloping and exhibits decreasing return to scale13. 

Figure 5, Figure 6, Figure 7, Figure 8, Figure 9 represent the nesting structure for the different 

activities included in the GEM-E3 model.  

Non-energy sectors: At the 1st level, production is split into two aggregates, one consisting of 

capital, labour, energy bundle (KLE) and the other consisting of materials (MA). At the 2nd level, 

(KLE) is split in two aggregates, one consisting of capital and labour bundle (KL), and the other 

consisting of energy (ENG). (MA) is further divided in its component parts (e.g. Agriculture, 

Industrial activities, Services etc.).   At the 3rd level (KL) is split into capital and skilled labour 

bundle (KL_skld), which is further decomposed at the 4th level between Capital and skilled Labour 

and unskilled labour (L_unskld), whereas (ENG) is split in electricity and fuels (EN) (Figure 5).  

Resource sectors: For the sectors whose production is based on natural resources, at the 1st nesting 

level production is split between fossil fuel resources (RES) and an aggregate bundle consisting of 

capital, labour and material-energy (KLEMrs). The latter at the 2nd stage is disaggregated in the 

material-energy bundle (MAENrs) and the capital-labour bundle (KL). At the 3rd level the capital-

labour bundle (KL) is split in capital and skilled labour (KL_skld) and in unskilled labour. The 

material-energy bundle (MAENrs) is divided into its component parts. Finally capital-skilled 

labour bundle is spit into capital and skilled labour (Figure 6). 

Power supply sectors: At the 1st nesting level of the power supply sector, production is split into 

two aggregates, one consisting of a bundle of power producing technologies (TECH) and the other 

of the transmission and distribution part (DIST). At the 2nd level, all power producing technologies 

identified in the model are in the same nest whereas the (DIST) bundle is disaggregated to capital, 

skilled and unskilled labour and materials (Figure 7).   

Power producing technologies: one level production function that includes capital, skilled and 

unskilled labour and fuels is assumed (Figure 8).  

Refineries: the nesting structure is similar to the non-energy sectors with a change in the top level 

of the nest where the two aggregates are now (KLEM) and fuels (FUEL) (Figure 9). 

                                                             

13 This description applies only to the most rigid of the capital mobility assumptions that are available in the model variants, where 
capital is assumed immobile across sectors and countries in static terms. When capital is assumed malleable across sectors and/or 
countries, then the capital stock by sector can adjust even in static terms, but the overall capital resources available to the economy 
(of the country or the EU as a whole) within each time-period are constant. 
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Figure 5:  Production nesting scheme in the GEM -E3 model ɀ Non energy sectors 
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Figure 6:  Production nesting scheme in the GEM -E3 model ɀ Resource sectors 
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Figure 7:  Production nesting scheme in the GEM -E3 model ɀ Electricity  supply  
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Figure 8:  Production  nesting scheme in the GEM-E3 model ɀ Power producing technologies  
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Figure 9:  Production  nesting scheme in the GEM-E3 model ɀ Refineries  
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Below we provide the derivation of the optimal factor demands and the unit cost function for a 

two factor production function. The 1st nest of the production function has the following form 

(consider the case of the non-energy sectors):  

ὢὈ ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ ϽὸὬὩὸᾥ‏ ȟ Ͻ ὸὬὩὸᾥ‏ ȟ Ͻ   

where: 

XDpr: the domestic production, 

KLEpr: the Capital-Labour-Electricity bundle, 

MApr: the Materials bundle in production, 

ʎ1: the elasticity of substitution between ὑὒὉ and ὓὃ , 

tfp: the total factor productivity , 

tfpexo: the exogenous total factor productivity, 

ÔÈÅÔÁͺɿKLE,pr and ÔÈÅÔÁͺɿMA,pr  : value shares derived from the base year dataset . 
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These value shares are calibrated using the observed values and volumes in the base year: 

ὸὬὩὸᾥ‏ ȟ

ὴὑὒὉπ ϽὑὒὉπ

ὴὈπ ϽὢὈπ
 

and  

ὸὬὩὸᾥ‏ ȟ

ὴὓπ Ͻὓὃπ

ὴὈπ ϽὢὈπ
 

The dual function representing the unit production cost, on the other hand, is expressed in the 

following way: 

ὖὈȟȟ
ὴὈπ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ

ϽὸὬὩὸᾥ‏ ȟ ȟȟϽ
ὖὑὒὉȟȟ

ὖὑὒὉπ ȟ

ȟ ȟ

ὸὬὩὸᾥ‏ ȟ ȟ ȟ

Ͻ
ὖὓ ȟ ȟ

ὖὓπ ȟ

ȟ ȟ ȟ ȟ

 

 

where: 

PDpr,er,t: the deflator in domestic production,  

PKLEpr,er,t: the deflator of Capital-Labour-Electricity bundle, 

PMpr,er,t: the deflator of Materials bundle.  

Optimal factor demand is derived from ShephardȭÓ lemma. The assumption that the stocks of 

capital and labour are proportional to the optimal flows (i.e. the capital and labour services 

derived through the ShephardȭÓ lemma) in volume is made. 

In particular the cost minimization problem (for the 1st nest) is: 

ÍÉÎὅ ȟ ȟ ὖὑὒὉȟȟϽὑὒὉȟ ȟ ὖὓ ȟ ȟϽὓὃ ȟ ȟ 

such that: 

ὢὈȟ ȟ ὸὬὩὸᾥ‏ ȟ ȟȟ

Ⱦ
ȟ ȟ
Ͻ
ὑὒὉȟ ȟ

ὑὒὉπ ȟ

ȟ ȟ

ȟ ȟ
ὸὬὩὸᾥ‏ ȟ ȟ ȟ

Ⱦ ȟ ȟ Ͻ
ὓὃ ȟ ȟ

ὓὃπ ȟ

ȟ ȟ

ȟ ȟ

ȟ ȟ

ȟ ȟ

 

Solving the cost minimization problem and using ShephardȭÓ lemma we obtain the following 

compensated demand function: 

ὓὃ ȟ ȟ ὓὃπ ȟ ϽὢὈȟ ȟϽὸὬὩὸᾥ‏ ȟ ȟ ȟϽ
ȟ

ȟ ȟ
Ͻ ȟ ȟ

ȟ ȟ

ȟ ȟ

   

 

ὑὒὉȟ ȟ ὑὒὉπ ȟ ϽὢὈȟ ȟϽὸὬὩὸᾥ‏ ȟ ȟ ȟϽ
ὖὑὒὉπ ȟ

ὖὑὒὉȟ ȟ
Ͻ
ὅ ȟ ȟ

ὅπ ȟ ȟ

ȟ ȟ

 

Where C0pr,er,t  is the cost function at the benchmark year.  

ὅπ ȟ ȟ  ὖὑὒὉπ ȟ ϽὑὒὉπ ȟ ὖὓπ ȟ Ͻὓὃπ ȟ  



45 
 

Similar results are obtained when technological progress or factor productivities are included in 

one or both factors: 

ὓὃ ȟ ȟ ὓὃπ ȟ ϽὢὈȟ ȟϽὸὬὩὸᾥ‏ ȟ ȟ ȟϽ
ὖὓπ ȟ

ὖὓ ȟ ȟ
Ͻ
ὅ ȟ ȟ

ὅπ ȟ ȟ

ȟ ȟ

ϽὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ ȟ ȟ  

 

ὑὒὉȟȟ ὑὒὉπ ȟ ϽὢὈȟ ȟϽὸὬὩὸᾥ‏ ȟ ȟ ȟϽ
ὖὑὒὉπ ȟ

ὖὑὒὉȟ ȟ
Ͻ
ὅ ȟ ȟ

ὅπ ȟ ȟ

ȟ ȟ

ϽὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ ȟ ȟ  

 

  

Similar formulas can be derived for each level of the nesting scheme of the production function, 

always linking the demand for a factor at a lower level of the nesting scheme to the bundle to 

which it belongs, with different substitution elasticities at each level. This gives finally a cost-

minimising demand for each production factor:                               

ὑὃὠ ȟȟ

ở

Ở
ờ
ὑὃὠπ ȟ ϽὩ ȟ ȟϽ ȟ ȟ Ͻ

ὑὒὙὛȟ ȟ
ὑὒὙὛπ ȟ

ὖὑȟ ȟ
ὖὑὒὙὛȟ ȟ

Ͻ
ὖὑὒὙὛπ ȟ

ὖὑπ ȟ Ợ

ỡ
Ỡ

 [13] 
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 [16] 

ὒὃὠ ȟ ȟ ὒὃὠπ ȟὩ ͺ

ὑὒὙὛȟ

ὑὒὙὛπ ȟ

ὖὑὒὙὛȟ ȟ

ὖὒȟ ȟ

ὖὒπ ȟ

ὖὑὒὙὛπ ȟ
 

 
[17] 

 

╛═╥▬►►▼ȟ▄►ȟ◄
◊▪▼▓■▀

╛═╥▬►►▼ȟ▄►
◊▪▼▓■▀

▄◄▌■ͅ◊▪▼▓■▀▼▪
╚╛╡╢▬►ȟ▄►ȟ◄

◊▪▼▓■▀

╚╛╡╢▬►ȟ▄►
◊▪▼▓■▀

╟╚╛╡╢▬►ȟ▄►ȟ◄
◊▪▼▓■▀

╟╛▬►ȟ▄►ȟ◄
◊▪▼▓■▀

╟╛▬►ȟ▄►
◊▪▼▓■▀

╟╚╛╡╢▬►ȟ▄►
◊▪▼▓■▀

▼▪

 

[18] 

 

ὒὃὠȟ ȟ

ὒὃὠπ ȟ ϽὩ ͺ ȟ ȟϽὈὍὛὝȟ ȟ

ὈὍὛὝπ ȟ
 [19] 

ὒὃὠȟ ȟ

ὒὃὠπ ȟ ϽὩ ͺ ȟ ȟϽὈὍὛὝȟ ȟ

ὈὍὛὝπ ȟ ȟ
 [20] 

ὒὃὠȟ ȟ

Ὠὰȟ ȟϽ
ὖὈὄὛὙπ ȟ

ὖὈὄὛὙȟ ȟ
ϽὩ ͺ ȟ ȟϽὢὈȟ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ  

[21] 

ὒὃὠȟ ȟ

Ὠὰȟ ȟϽ
ὖὈὄὛὙπ ȟ

ὖὈὄὛὙȟ ȟ
ϽὩ ͺ ȟ ȟϽὢὈȟ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ  

[22] 



46 
 

ὒὃὠȟ ȟ

ở

Ở
Ở
Ở
ờὒὃὠπ ȟ ϽὩ ͺ ȟ ȟϽ ȟ ȟ Ͻ

ὑὒȟ ȟ

ὑὒπ ȟ

ὖὒȟ ȟϽὖὑὒπ ȟ

ὖὑὒȟ ȟϽὖὒπ ȟ

ȟ ȟ

Ợ

ỡ
ỡ
ỡ
Ỡ

 [23] 

ὒὃὠȟ ȟ

ở

Ở
Ở
Ở
ờὒὃὠπ ȟ ϽὩ ͺ ȟ ȟϽ ȟ ȟ Ͻ

ὑὒȟ ȟ

ὑὒπ ȟ

ὖὒȟ ȟϽὖὑὒπ ȟ

ὖὑὒȟ ȟϽὖὒπ ȟ

ȟ ȟ

Ợ

ỡ
ỡ
ỡ
Ỡ

 [24] 

Ὅὕὠȟ ȟ ȟ 

ừ
Ử
Ử
Ừ

Ử
Ử
ứὓὃ ȟ ȟϽ

ὖὓπ ȟ

ὖὍὕπ ȟ
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ϽὸὬὩὸᾥὨὩὴὶȟ ȟ ȟϽ
ὖὉȟ ȟ
ὖὍὕȟ ȟ

Ͻ
ὖὍὕπ ȟ

ὖὉπ ȟ

ȟ ȟ

Ὡ ȟ ȟ ȟ ȟ ȟ ὭὪ ὴὶ ὴὶὩ

Ὁὔὒȟ ȟϽ
Ὅὕὠπ ȟ ȟ

Ὁὔὒπ ȟ

ὭὪ ὴὶ ὩὰὩ

 [25] 

Ὅὕὠȟ ȟ ȟ

ừ
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
ứὢὈȟ ȟϽ

ὖὈὄὛὙπ ȟ

ὖὍὕπ ȟ
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ὸὬὩὸᾥὨά ȟ ȟϽ
ὖὑὒὉὓπ ȟ

ὖὓπ ȟ
ϽὑὒὉὓȟ ȟϽ

ὖὑὒὉὓȟ ȟ

ὖὓ ȟ ȟ
Ͻ
ὖὓπ ȟ

ὖὑὒὉὓπ ȟ

ȟ ȟ

 ὭὪ ὴὶ ὴὶὕὍὒ

 [31] 

ὑὒȟ ȟ ὑὒὉȟ ȟϽ
ὖὑὒὉπ ȟ

ὖὑὒπ ȟ
ϽὸὬὩὸᾥὨὯὰȟȟϽ

ὖὑὒὉȟ ȟ

ὖὑὒȟȟ
Ͻ
ὖὑὒπ ȟ

ὖὑὒὉπ ȟ

ȟ ȟ

         ὭὪ ὴὶ

ὴὶὨὪ έὶ ὴὶέὭὰ 
[32] 

ὉὔὋȟ ȟ ὑὒὉȟ ȟϽ
ὖὑὒὉπ ȟ

ὖὉὔὋπ ȟ
ϽὸὬὩὸᾥὨὩὲὫȟȟϽ

ὖὑὒὉȟ ȟ

ὖὉὔὋȟ ȟ
Ͻ
ὖὉὔὋπ ȟ

ὖὑὒὉπ ȟ

ȟ ȟ

 
[33] 

 
 

Ὁὔὒȟ ȟ

ừ
ỬỬ
Ừ

ỬỬ
ứὉὔὋȟȟϽ

ὖὉὔὋπ ȟ

ὖὉὒπ ȟ
ϽὸὬὩὸᾥὨὩὰȟ ȟϽ

ὖὉὔὋȟȟ

ὖὉὒȟ ȟ
Ͻ
ὖὉὒπ ȟ

ὖὉὔὋπ ȟ

ȟ ȟ

ϽὩВ ȟ ȟ ȟ ȟ ȟ   ÉÆ ÐÒ ÐÒÄÆ ÏÒ ÐÒÏÉÌ

ὓὃὉὔȟ ȟϽ
ὖὓὃὉὔπ ȟ

ὖὉὒπ ȟ
ϽὸὬὩὸᾥὨὩὰȟ ȟϽ

ὖὓὃὉὔȟȟ

ὖὉὒȟ ȟ
Ͻ
ὖὉὒπ ȟ

ὖὓὃὉὔπ ȟ

ȟ ȟ

 ϽὩВ ȟ ȟ ȟ ȟ ȟ   ὭὪ ὴὶ ὴὶὶί

 [34] 

 
 

 
 

Ὁὔȟ ȟ

ừ
ỬỬ
Ừ

ỬỬ
ứὉὔὋȟȟϽ

ὖὉὔὋπ ȟ

ὖὉπ ȟ
ϽὸὬὩὸᾥὨὩȟȟϽ

ὖὉὔὋȟ ȟ

ὖὉȟ ȟ
Ͻ
ὖὉπ ȟ

ὖὉὔὋπ ȟ

ȟ ȟ

    ÉÆ ÐÒ ÐÒÄÆ ÏÒ ÐÒÏÉÌ

ὓὃὉὔȟ ȟϽ
ὖὓὃὉὔπ ȟ

ὖὉπ ȟ
ϽὸὬὩὸᾥὨὩȟ ȟϽ

ὖὓὃὉὔȟ ȟ

ὖὉȟ ȟ
Ͻ
ὖὉπ ȟ

ὖὓὃὉὔπ ȟ

ȟ ȟ

 ϽὩВ ȟ ȟ ȟ ȟ ȟ   ὭὪ ὴὶ ὴὶὶί

 [35] 

 
 

ὈὍὛὝȟ ȟ
ὸὴὼὨȟ ȟϽὢὈ ȟ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
 

[36] 

ὝὉὅὌȟ ȟ
ὸὴὼὨȟ ȟϽὢὈ ȟ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
 

[37] 

ὑὒὉὓ ȟ ȟ ὸὬὩὸᾥὨὯὰὩάȟ Ͻ
ὖὈὄὛὙπ ȟ

ὖὑὒὉὓπ ȟ
ϽὢὈȟ ȟϽ

ὖὈὄὛὙȟ ȟ

ὖὑὒὉὓȟ ȟ
Ͻ
ὖὑὒὉὓπ ȟ

ὖὈὄὛὙπ ȟ

ȟ ȟ

ϽὸὪὴ ȟ ȟϽὸὪὴὩὼέȟ ȟ
ȟ ȟ

 
[38] 

ὑὒὉὓὙὛȟ ȟ ὯὰὩάὶίπ ȟ Ͻ
ὢὈȟ ȟ

ὢὈπ ȟ
Ͻ
ὖὈὄὛὙȟ ȟ

ὖὑὒὉὓὶίȟ ȟ
Ͻ
ὖὑὒὉὓὶίπ ȟ

ὖὈὄὛὙπ ȟ

ȟ ȟ

ϽὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
ȟ ȟ

 
[39] 
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ὙὉὛὊὠȟ ȟ ὶὩίὪὺπ ȟ Ͻ
ὢὈ ȟ ȟ

ὢὈπ ȟ
Ͻ
ὖὈὄὛὙȟȟ

ὖὙὉὛὊὠȟ ȟ
Ͻ
ὖὙὉὛὊὠπ ȟ

ὖὈὄὛὙπ ȟ

ȟ ȟ

ϽὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
ȟ ȟ

 
[40] 

ὑὒὙὛȟ ȟ
ὑὒὉὓὙὛȟ ȟ

ὑὒὉὓὙὛπ ȟ
ϽὯὰὶίπ ȟȟϽ

ὖὑὒὉὓὙὛ ȟ ȟ

ὖὑὒὙὛȟ ȟ
Ͻ
ὖὑὒὙὛπ ȟ ȟ

ὖὑὒὉὓὙὛπ ȟ ȟ

ȟ ȟ

 
[41] 

ὓὃὉὔ ȟ ȟ

ὑὒὉὓὙὛȟ ȟ

ὑὒὉὓὙὛπ ȟ
ϽὓὃὉὔπ ȟ ȟϽ

ὖὑὒὉὓὙὛȟ ȟ

ὖὓὃὉὔȟ ȟ
Ͻ
ὖὓὃὉὔπ ȟ

ὖὑὒὉὓὙὛπ ȟ

ȟ ȟ

 
[42] 

 

where: 

ENpr,er,t: the demand for energy, 

PEpr,er,t: the unit cost of energy, 

ENLpr,er,t: the electricity demand by sector,  

IOVpr,br,er,t: the deliveries between branches, 

PIOpr,er,t: the input-output delivery price, 

ENbr,er,t: the fuel demand by sector,  

PEbr,er,t: the aggregate fuel price,  

PEUPRbr,er,t: the energy price including abatement cost,  

tgepr,er,t: the technical progress on energy, 

LAV_skldpr,er,t,LAV_unskldpr,er,t: the demand for  skilled and unskilled labour respectively, 

PL_skldpr,er,t, PL_unskldpr,er,t:  the unit cost of skilled and unskilled labour, 

tgl_skldpr,er,t, tgl_unskldpr,er,t: the technical progress of skilled and unskilled labour, 

MApr,er,t: the demand for Materials, 

PMpr,er,t : the unit cost of materials, 

tgmpr,er,t: the productivity  in materials,  

tgepr,er,t : the productivity  in energy use. 

Equations [25], [26], [27], [28] and [29] represent the demand for intermediate consumption of 

commodity br used in the production of sector PR, with  PIObr,er,t being the unit cost of the 

intermediate good. 

Under the above specification, the zero profit condition is always satisfied (and hence not included 

in the model text): 

ὖὈȟȟϽὢὈȟ ȟ ὖὑὒὉȟ ȟϽὑὒὉȟ ȟ ὖὓ ȟ ȟϽὓὃ ȟ ȟ 
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Substituting the demand functions into the production functions the unit cost functions are 

derived: 

ὖὈὄὛὙȟ ȟ ὖὈὄὛὙπ ȟ

Ͻ

ụ
Ụ
Ụ
Ụ
ợ

ὸὬὩὸᾥὨὯὰὩȟ ȟϽ

ở

ờ

ὖὑὒὉȟ ȟ
ὖὑὒὉπ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
Ợ

Ỡ

ȟ ȟ

 Ὠά ȟ ȟ

Ͻ

ở

ờ

ὖὓ ȟ ȟ

ὖὓπ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
Ợ

Ỡ

ȟ ȟ

 

Ứ
ủ
ủ
ủ
Ủ

ȟ ȟ
 

  

[43] 

ὖὈὄὛὙȟ ȟ

ὖὈὄὛὙπ ȟ

Ͻ

ụ
Ụ
Ụ
Ụ
ợ

ὸὬὩὸᾥὨὯὰὩάȟ ȟϽ

ở

ờ

ὖὑὒὉὓȟ ȟ
ὖὑὒὉὓπ ȟ

ὸὪὴ ȟȟϽὸὪὴὩὼέȟ ȟ
Ợ

Ỡ

ȟ ȟ 

 

ὸὬὩὸᾥὨὭέ ȟ ȟ

ở

ờ

ὖὍὕ ȟ ȟ

ὖὍὕπ ȟ

ὸὪὴ ȟ ȟϽὸὪὴὩὼέȟ ȟ
Ợ

Ỡ

ȟ ȟ

   

Ứ
ủ
ủ
ủ
Ủ

ȟ ȟ

 

[44] 

ὖὈὄὛὙȟ ȟ   ὖὈὄὛὙπ ȟ

Ͻ

ở

Ở
Ở
ờ

ὸὬὩὸᾥὨὯὥὺȟ ȟϽ

ὖὑ ȟȟ

ὖὑπ ȟ
ϽὩ ȟ ȟ

ὸὪὴȟȟϽὸὪὴὩὼέȟȟ
ὸὬὩὸᾥὨὰίὯὰὨȟ ȟ

Ͻ

ở

Ở
Ở
ờ

ὖὒ ȟ ȟ

ὖὒπ ȟ
ϽὩ ͺ ȟ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ

Ợ

ỡ
ỡ
Ỡ

ὸὬὩὸᾥὨὰόὲίὯὰὨȟ ȟϽ

ở

Ở
Ở
ờ

ὖὒ ȟ ȟ

ὖὒπ ȟ
ϽὩ ͺ ȟ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ

Ợ

ỡ
ỡ
Ỡ

Ứ
ủ
ủ
ủ
ủ
Ủ

ὸὬὩὸᾥὨὭέȟ ȟ ȟϽ
ὖὉὟὖὙȟ ȟ ȟ

ὖὍὕπ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
ϽὩ ȟ ȟ ȟ

ὸὬὩὸᾥὨὭέȟ ȟ ȟϽ
ὖὉὟὖὙȟ ȟ ȟ

ὖὍὕπ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
ϽὩ ȟ ȟ ȟ  

 

[45] 

ὖὈὄὛὙȟ ȟ  ὨὴὼὨȟ ȟϽ
ὖὝὉὅὌȟ ȟ ὖὈὍὛὝȟ ȟ
ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ

  [46] 

ὖὈὄὛὙȟȟ ὖὈὄὛὙπ ȟ

Ͻ

ụ
Ụ
Ụ
Ụ
ợ

 ὸὬὩὸᾥὨὯὰὩάȟ ȟϽ

ở

ờ

ὖὑὒὉὓὙὛȟ ȟ
ὖὑὒὉὓὙὛπ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
Ợ

Ỡ

ȟ ȟ

ὸὬὩὸᾥὨὶὩίὪȟ ȟ

Ͻ

ở

ờ

ὖὙὉὛὊȟ ȟ
ὖὙὉὛὊπ ȟ

ὸὪὴȟ ȟϽὸὪὴὩὼέȟ ȟ
Ợ

Ỡ

ȟ ȟ

 

Ứ
ủ
ủ
ủ
Ủ

 

[47] 
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ὖὓ ȟ ȟ ὖὓπ ȟ

Ͻ ὸὬὩὸᾥὨάὴὶ ȟ ȟ ȟ

Ͻ
ὖὍὕ ȟ ȟ

ὖὍὕπ ȟ
ϽὩ ȟ ȟ ȟ

ȟ ȟ

 
ȟ ȟ

                           ὭὪ ὦὶ ὴὶὨὪȟὴὶὶί 

[48] 

ὖὓ ȟ ȟ ὖὓπ ȟ

Ͻ ὸὬὩὸᾥὨάὴὶ ȟ ȟ ȟ

Ͻ
ὖὍὕ ȟ ȟ

ὖὍὕπ ȟ
ϽὩ ȟ ȟ ȟ

ȟ ȟ ȟ ȟ

ὭὪ ὦὶ ὴὶέὭὰ 

[49] 

ὖὑὒὉȟ ȟ ὖὑὒὉπ ȟ

ϽὸὬὩὸᾥὨὯὰȟ ȟϽ
ὖὑὒȟ ȟ

ὖὑὒπ ȟ

ȟ ȟ

ὨὩὲὫȟ ȟϽ
ὖὉὔὋȟ ȟ

ὖὉὔὋπ ȟ

ȟ ȟ

ȟ ȟ  
[50] 

ὖὑὒȢȢ ὖὑὒπ ȟ

ϽὸὬὩὸᾥὨὯὰίὯὰὨȢ ȢϽ
ὖὑὒίὯὰὨȢ Ȣ

ὖὑὒίὯὰὨπ Ȣ

Ȣ Ȣ

ὸὬὩὸᾥὨὰόὲίὯὰὨȢ Ȣ

Ͻ
ὖὒͅόὲίὯὰὨȟ ȟ

ὖὒͅόὲίὯὰὨπ ȟ
ϽὩ

Ȣ Ȣ
Ȣ Ȣ

Ⱦ Ȣ Ȣ

 

 

[51] 

ὖὑὒͅίὯὰὨȢ Ȣ ὖὑὒͅίὯὰὨπ ȟ

ϽὸὬὩὸᾥὨὯὥὺȢ ȢϽ
ὖὑȢȢ
ὖὑπ Ȣ

ϽὩ Ȣ Ȣ

Ȣ Ȣ

ὸὬὩὸᾥὨὰίὯὰὨȢ Ȣ

Ͻ
ὖὒͅίὯὰὨȟ ȟ

ὖὒͅίὯὰὨπ ȟ
ϽὩ

Ȣ Ȣ
Ȣ Ȣ

Ⱦ Ȣ Ȣ

 

 

[52] 

ὖὉὔὋȟ ȟ ὖὉὔὋπ ȟ

ϽὸὬὩὸᾥὨὩὰȟ ȟϽ
ὖὉὒȟ ȟ

ὖὉὒπ ȟ
ϽὩВ  ȟ ȟ

ȟ ȟ

ὸὬὩὸᾥὨὩȟ ȟ

Ͻ
ὖὉȟ ȟ

ὖὉπ ȟ

ȟ ȟ

ȟ ȟ

 

 

[53] 

ὖὉȟ ȟ

ừ
Ử
Ừ

Ử
ứ

ὖὉπ ȟ

Ͻ ὸὬὩὸᾥὨὩὴὶȟ ȟ ȟϽ
ὖὉὟὖὙȟ ȟ ȟ

ὖὍὕπ ȟ
ϽὩ ȟ ȟ ȟ

ȟ ȟ ȟ ȟ

ὭὪ ὨὩȟ ȟ π

ρ ὭὪ ὨὩȟ ȟ π

 

[54] 

ὖὉὒȟ ȟ ὖὉὟὖὙȟ ȟȟ [55] 
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ὖὑὒὉὓȟ ȟ ὖὑὒὉὓπ ȟ ὸὬὩὸᾥὨὯὰὩȟ ȟϽ
ὖὑὒὉȟ ȟ

ὖὑὒὉπ ȟ

ȟ ȟ

ὸὬὩὸᾥὨά ȟ ȟ

Ͻ
ὖὓ ȟ ȟ

ὖὓπ ȟ

ȟ ȟ ȟ ȟ

  

[56] 

ὖὝὉὅὌȟ ȟ ὸὬὩὸᾥὨὭέȟ ȟϽὖὍὕȟ ȟ [57] 

ὖὈὍὛὝȟ ȟ ὖὈὍὛὝπ ȟ

ϽὸὬὩὸᾥὨὯὥὺȟȟϽ
ὖὑ ȟ ȟ

ὖὑπ ȟ
ϽὩ ȟ ȟ ὸὬὩὸᾥὨὰίὯὰὨȟ ȟ

Ͻ
ὖὒͅίὯὰὨȟ ȟ
ὖὒͅίὯὰὨπ ȟ

ϽὩ ͺ ȟ ȟ ὸὬὩὸᾥὨὰόὲίὯὰὨȟ ȟ

Ͻ
ὖὒͅόὲίὯὰὨȟ ȟ
ὖὒͅόὲίὯὰὨπ ȟ

ϽὩ ͺ ȟ ȟ ὸὬὩὸᾥὨὭέȟ ȟ ȟϽ
ὖὍὕȟ ȟ

ὖὍὕπ ȟ
ȟ

ὸὬὩὸᾥὨὭέȟ ȟ ȟϽ

ȟ

ὖὉὟὖὙȟ ȟȟ

ὖὍὕπ ȟ
 

 

[58] 

ὖὑὒὉὓὙὛȟ ȟ ὖὑὒὉὓὙὛȟ ȟ

ϽὸὬὩὸᾥὨὯὰȟ ȟϽ
ὖὑὒὙὛȟ ȟ

ὖὑὒὙὛπ ȟ

ȟ ȟ

ὸὬὩὸᾥὨάὥὩὲȟ ȟ

Ͻ
ὖὓὃὉὔȟ ȟ

ὖὓὃὉὔπ ȟ ȟ

ȟ ȟ ȟ ȟ

 

[59] 

ὖὑὒὙὛ ȟ ȟ ὖὑὒὙὛπ ȟ

ϽὸὬὩὸᾥὨὯὰίὯὰὨȟ ȟϽ
ὖὑὒὶίίὯὰὨȟȟ

ὖὑὒὶίίὯὰὨπ ȟ

ȟ ȟ

ὸὬὩὸᾥὨὰόὲίὯὰὨȟ ȟ

Ͻ
ὖὒͅόὲίὯὰὨȟ ȟ

ὖὒπͅόὲίὯὰὨȟ ȟ
ϽὩ ͺ ȟ ȟ

ȟ ȟ ȟ ȟ

 

[60] 
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ὖὓὃὉὔȟ ȟ ὖὓὃὉὔπ ȟ

ϽὸὬὩὸᾥὨά ȟȟϽ
ὖὓ ȟ ȟ

ὖὓπ ȟ

ȟ ȟ 

 ὸὬὩὸᾥὨὩ ȟ ȟ

Ͻ
ὖὉ ȟ ȟ

ὖὉπ ȟ

ȟ ȟ 

ὸὬὩὸᾥὨὩὰȟ ȟ

Ͻ
ὖὉὒ ȟ ȟ

ὖὉὒπ ȟ
ὩВ ȟ ȟ

ȟ ȟ ȟȟ

 

[61] 

  

ὖὑὒὶίȟ ȟ ὖὑὒὶίπ ȟ

ϽὸὬὩὸᾥὨὯὥὺȟ ȟϽ
ὖὑ ȟ ȟ

ὖὑπ ȟ

ȟ ȟ 

 ὸὬὩὸᾥὨὰίὯὰὨȟ ȟ

Ͻ

ὖὒ ȟ ȟ

ὖὒπ ȟ ȟ

ȟ ȟ ȟ ȟ

 

 [62] 

  

  

For the depletable resource sectors reserves are considered to be a discrete production factor. 

The international price of the fossil fuel is calculated so as to balance total supply and total 

demand. Reserves are subject to depletion at an exogenous growth rate (growth_RESt). The 

exogenous growth rate is calculated based on the remaining reserves, the reserves consumed at 

the previous period, the reverses that are yet to find and the unit cost of the of the fossil fuels.    

ὙὉὛὊὠπ ȟ ȟ

ȟ

Ͻρ ὫὶέύὸᾬὙὉὛ  ὙὉὛὊὠȟ ȟ 
[63] 

ὖὙὉὛὊȟ ȟ ὖὡὙὉὛὊȟ [64] 

Where: 

PWRESFprrs,er: the international price of fossil fuel, 
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RESFV0prrs,er,t0: exogenous reserves of fossil fuels at the base year. 

 

4.3 Bottom ɀ up representation of the electricity sector  

CGE models have been criticised for their simplified modelling approach of the energy system. 

The usual CGE representation of the energy production by means of aggregate production 

functions fails to capture crucial characteristics of the sector reducing the credibility of 

simulations related to energy policies and technology dynamics. The bottom up models employed 

instead, ignore the feedbacks from the interaction of the energy sector with the wider economy 

within which it operates.  

The development of a modelling framework that encompasses the multi market equilibrium of 

top down models with an engineering consistent representation of power producing technologies 

constitutes a long-standing challenge in applied energy policy analysis since the hybrid CGE model 

of Alan Manne (1977)14.  Many different approaches15 have been employed to link bottom up and 

top down models and can be classified in two main categories:  

(i)  Hard link approach, that is, integrating both bottom-up and top-down features in a 
consistent modelling framework.  Such an integrated framework is provided by the 
specification of market equilibrium models as mixed complementarity problems (see 
Cottle and Pang [1992], Rutherford [1995]).   

(ii)   Soft-link or decomposition approach where bottom-up and top-down models are run 
independently of each other (BĘhringer & Rutherford (2008), Bergman [1990], 
Hudson and Jorgenson [1974]). In this case results from one model are fed into the 
other, and vice versa.  

 
A characteristic example of the first category is in BĘhringer (1998) where the electricity 

generating technologies are modelled as specific activities within a mathematical-programming 

representation of the electricity sector, which is embedded directly in a computable general 

equilibrium model.  In particular his approach is based on the complementarity formulation of the 

general equilibrium problem while the representation of the electricity producing sectors is based 

on Koopmans (1951) activity analysis framework. The standard aggregate production functions 

(C.E.S. or CD) used in the model are replaced by a set of discrete Leontief technologies (fixed 

input/output vector).   

Towards the same direction lies McFarland et al. (2004) [EPPA model], who suggest a more 

flexible format through a C.E.S. representation of energy technologies. Their approach consists of 

splitting the energy sector using engineering bottom up datÁ ÁÎÄ ÔÈÅÎ ÃÁÌÉÂÒÁÔÅ ÔÈÅ ÍÏÄÅÌȭÓ 

smooth production functions on these data. In particular in their approach the cost estimates on 

capital, labour, and fuel inputs are used directly as the CES share parameters. The nesting scheme 

of the production function allows for the appropriate input substitution while the control of 

technology penetration rate is based on an endogenous quasi fixed factor coefficient introduced 

                                                             

14 ETA ɀ Macro model where the process analysis ETA sub model of the U.S. energy system was linked with a one sector  macro-model 

of the U.S. economy in a non linear optimization framework 
15 Jochem 1999, Muller 2000, Kemfert [1]). Messner and Schratenholzer, Koopmans and Willem te Velde 2001, Arikan and 
Kumbaroglou 2001. 
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at the top level of the C.E.S. production function. Each technology produces electricity through a 

C.E.S. aggregation of its primary and secondary inputs (low elasticities of substitution chosen at 

this nesting level), while total electricity production results from a CES aggregation of all power 

technologies represented in the model (high elasticities of substitution at this nesting level).   

A disadvantage of this approach lies in its treatment of investment decisions. That is, investment 

is either allocated to electricity technologies exogenously or decided at the level of the aggregate 

electricity sector and then allocated to each technology using a logit function. This investment 

formulation although it allows for multiple technologies with different costs to coexist is not 

sufficient to represent the investment behavior of the electricity sector (i.e. each sector should 

decide the level of investment as a function of its profit function and then this investment demand 

should be translated to demand for investment products produced by other sectors). In addition 

the non-smooth (kinked) representation of power supply results in sharp shifts in the technology 

mix of electricity production implying unrealistic swift  switching between technologies.   

The second category refers mainly to a decomposition method that links bottom up models with 

top down by combining different mathematical formats ɀ mixed complementarity and 

mathematical programming. In BĘhringer & Rutherford (2008) mixed complementarity methods 

(MCP) are used to solve the top-down economic equilibrium model and quadratic programming 

(QP) to solve the underlying bottom-up energy supply model. Then they reconcile equilibrium 

prices and quantities between both models through an iterative procedure (Figure 10) portray 

this iterative solution process).  

Hybrid Bottom Up Top Down (BUTD) CGE models are still rare in the policy modelling literature 

due to difficulties arising from the integration of macroeconomic and engineering data in a 

consistent way. E3M-Lab has designed and incorporated into the GEM-E3 model a bottom up top 

down module. The motivation for this development was the need for a better representation of 

the electricity sector investment decision. Toward this end electricity producing technologies 

were treated as separate production sectors while their investment decision is discrete.  The 

advantage of this approach is that it is fully consistent with the general equilibrium framework 

while it leads to a full identification of the technologies. The rest of this section provides details 

on the exact formulation of the newly incorporated electricity producing sectors and on the 

reconciliation of engineering and input output economic data.  

Figure 10: Iterative decomposition algorithm suggested by B Ęhringer & Rutherford (200 8). 

 

Top Down model 

(formulated as MCP) 

Bottom up model 

(formulated as QP) 

Energy supply. 

Energy sector input. 

EquilibriumPrices. 

Demand curves for energy 
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The bottom-up representation of the electricity sector extends the work performed within the 

DYN-GEM16 project. The development of the database on generation costs, technology market 

shares and share of transmission and distribution cost to total cost of electricity production has 

been based on the TECHPOL database, the ENERDATA database and the PRIMES model 

database17. The technologies incorporated in the GEM-E3 model are presented in Table 9. 

Table 9: Electricity producing t echnologies represented in GEM -E3 model 

No Description No Description 

1 Coal fired 6 Hydro electric 

2 Gas fired 7 Wind 

3 Oil fired 8 CSP and Photovoltaics 

4 Nuclear  9 Coal CCS 

5 Biomass  10 Gas CCS 

 

Electricity producing technologies are characterised by different cost structures and conversion 

efficiencies. The projections about capital, labour and fuel costs are substantially important since 

they influence the degree of use of each technology in power generation.  

Generation costs are conceived in three categories: i) investment costs, ii) operating and 

maintenance costs and iii) fuel costs. Unit cost data and projections to the future for the first two 

categories were extracted from the TECHPOL and PRIMES database. The fuel costs depend on 

other variables of the GEM-E3. The data for each technology as introduced in the model are 

presented in Table 10. 

The shares of each technology in power generation in the base year are introduced from energy 

balance statistics. Some of the potential technologies that may develop in the future are not used 

in the base year. Since the production function for power generation is calibrated to the base year, 

it is necessary to introduce artificially small shares even for the non existing technologies in order 

to allow for the possibility of their penetration in the future under market conditions.  

Table 10: Electricity production cost shares  

 

  
Coal 
fired Oil fired 

Gas 
fired Nuclear Biomass Hydro Wind PV 

Agriculture         25.0       

Coal 24.3               

Oil   70.6             

Gas     73.2           

Chemicals       6.7         

Other 
Equipment 
Goods 5.0 0.5 0.5 0.5 1.5 1.0 9.8 0.8 

Construction 3.0 2.0 4.7 1.0 1.5 3.0 5.8 6.7 

                                                             

16 The Dynamics of Innovation and Investment and its Impact on Policy Design in Energy and Environment for a Sustainable Growth 
in Europe, DYN-GEM-E3. 
17 The Primes model database is not available to the public 
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Capital 56.6 22.3 19.3 87.6 67.4 80.3 80.0 83.2 

Labour 11.1 4.7 2.2 4.2 4.6 15.7 4.4 9.2 

Total 100 100 100 100 100 100 100 100 

 

Source: Calculations based on TECHPOL and PRIMES databases. 

4.4 Input -output and bottom up data reconciliation  

The Input-Output tables represent the electricity sector as an aggregate of two activities, the 

power generation and the transmission and distribution of electricity. This detail is not sufficient 

for the development of the bottom up model, so it has been necessary to split the Input-Output 

column and row in different activities, some corresponding to power generation by technology 

and the rest corresponding to transmission and distribution of electricity. The split was 

performed by combining data from energy balances and company- related economic data on 

generation and transmission and distribution activities by country. The aggregate data were 

based on Eurostat, IEA and USA DOE statistics18.  

In order to disaggregate the power sector appropriate mapping has been specified between the 

entries of the Input-Output table and the engineering information retrieved from the technical 

databases. For this purpose data on capital cost, fixed operating and maintenance cost, fuel cost 

and other variable operating and maintenance costs, related to the energy producing technologies 

to be incorporated in the model following cost elements have been extracted from the engineering 

database.  

The unit costs have been associated with the corresponding cost elements of the Input-Output 

statistics, according to the following principles: i) annualised capital costs correspond broadly to 

operating surpluses, ii) fuel costs correspond to the fuel input, iii ) fixed operating and 

maintenance cost correspond to non-energy inputs (materials), iv) variable operating and 

maintenance costs are associated with wages and salaries paid to employees in power generation. 

Since the entire GEM-E3 model is calibrated on the social accounting matrices the macroeconomic 

data have been kept constant and the market and cost shares of the technologies have been 

appropriately adjusted. The purpose of the calibration has been to depart as little as possible from 

the flows suggested by the engineering information while respecting exactly the totals appearing 

in the original input output table. For this purpose a cross entropy method has been applied19.  

The formulation for the power technologies, used in the GEM-E3 model, (as presented in the 

previous section) allows for no substitution between different power technologies and is 

expressed in a Leontief form with constant shares of the power mix.  

                                                             

18 For example, the disaggregation shows that the generation cost accounts for over half of total cost and in most E.U. countries they 

account for over 60% while transmission costs range between 5% and 10% 

19 This calibration technique cannot be applied uniformly since each country has specificities that must be respected. For example 

there are cases where the input output data do not register a flow from agriculture to electricity (biomass fuel), or the engineering 

data suggest such capital allocations that lead to unrealistic investment to capital ratios by technology. Adjustments of data were made 

in order to cope with these difficulties. 
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4.5 Investment demand  

GEM-E3 is a recursive dynamic model (solved sequential over time). The sequential equilibria are 

linked through a motion equation regarding the update of the capital stock. According to the 

standard neoclassical approach agents investment decision depends on the rental cost of capital 

in the presence of adjustment costs and on its replacement cost. In GEM-E3 agents have myopic 

expectations. Their future planning is based on current prices. It is assumed that investment that 

takes place in time t increases the production capacity at time t+1. 

Figure 11 illustrates the investment decisions of the firm in the GEM-E3 model. The basic 

methodological approaches to investment specification include the accelerator model (AM)20 and 

q of Tobin (1969)21. 

Figure 11: Investment decision of firms 

Investment matrix 

(fixed factor coefficient matrix ï 

column sums to 1)

Investment by firms

Investment by 

product

Investment decision 

(optimal capital stock)

 

 

The law of motion of capital stock is: 

ὑὃὠὅȟȟ ρ Ὠ ȟ ȟ Ͻὑὃὠὅȟ ȟ Ὅὔὠὠȟ ȟ   

where: 

KAVCpr,er,t: capital stock by branch, 

dpr,er,t: depreciation rate,  

KAVCpr,er,t-1:  capital stock of the previous period, 

                                                             

20 AM assume that optimal demand of capital is a function of the production level  ὑὃὠὅᶻ ‘ϽὢὈ . Prices, wages and interest rate 

have no effects on the formation of capital demand. Thus since the model assumes immediate adjustment of capital to the optimal 
level, investment is also a direct function of the production level : Ὅὔὠὠȟ ὑὃὠὅȟ

ᶻ ὑὃὠὅ ȟ
ᶻ ‘ϽὢὈȟ ὢὈȟ . An 

alternative to this approach regards the non-automatic capital adjustment Ὅὔὠὠȟ ‗Ͻὑὃὠὅȟ
ᶻ ὑὃὠὅȟ

ᶻ  
21  According to this approach, net investment depends on the relationship between the market price of the capital good and its 
replacement cost.  
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INVVpr,er,t: investment by firm  in volume. 

IÎÖÅÓÔÍÅÎÔ ÃÏÖÅÒÓ ÔÈÅ ÃÈÁÎÇÅ ÉÎ ÆÉÒÍȭÓ ÐÏÔÅÎÔÉÁÌ ÐÌÕÓ ÔÈÅ ÃÁÐÉÔÁÌ ÄÅÐÒÅÃÉÁÔÉÏÎ. Using the average 

TobinȭÓ q according to Hayashi (1982) the firm decides the optimal level of investment according 

to the rental price of capital and its replacement cost ( ȟ ȟ

ȟ ȟϽ ȟ ȟ ȟ
  ).  It is also assumed 

that the firms always replace the depreciated capital (Ä ȟȟϽ+!6#ȟȟ .   Hence the investment 

function becomes: 

Ὅὔὠὠȟ ȟ ὑὃὠȟ ȟ
ᶻ Ͻ

ὖὑȟ ȟ

ὖὍὔὠȟ ȟϽὶὶȟ Ὠ ȟ ȟ

ρ Ὠ ȟ ȟ  

This function is modified in order to take into account: i) adjustment/installment investment costs 

(a0inv), ii) flexibility to replace capital (sn4), iii) speed of adjustment (a1inv), iv) exogenous fÉÒÍȭÓ 

expectations on future profitability (stgr) and v) productivity of capital. The investment function 

entering the model is [65]. 

Ὅὔὠὠȟȟ

ừ
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
ứ
ὥπὭὲὺȟȟϽὑὃὠȟȟϽ

ὖὑȟȟ

ὖὍὔὠȟȟϽὙὒὝὒὙὉὟȟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈȟ ὨὩὧὰȟȟ

ȟ ȟϽ

ρ ίὸὫὶȟȟ ρ ὨὩὧὰȟȟ
ὭὪ ὩὶὩόὧςχ

ὥπὭὲὺȟȟϽὑὃὠȟȟϽ

ὖὑȟȟ

ὖὍὔὠȟȟϽὙὒὝὒὙȟϽὙὒὝὒὙὡὕὙὒὈȟ ὨὩὧὰȟȟ

ȟ ȟϽ

ρ ίὸὫὶȟȟ ρ ὨὩὧὰȟȟ
ὭὪ ὩὶὩόὧςχ

 
[65] 

where: 

PKpr,er,t:  the user cost of capital, 

PINVpr,er,t: the price of investment, 

declpr,er,t-1: the depreciation rate of the previous period, 

stgrpr,er,t: the expected growth rate of the sector. 

a0invpr,er,t  and a1invpr,er,t regard capital adjustment and price elasticity respectively (a1invpr,er,t is 

the respective ʇ value of the accelerator model when capital does not adjust immediately). 

Investment increases the production potentials of the firm from the following period. The unit 

cost of capital results as the dual price of the equilibrium function of the available and the 

demanded capital stock.  

&ÉÒÍȭÓ ÉÎÖÅÓÔÍÅÎÔ ÉÓ ÔÒÁÎÓÌÁÔÅÄ ÉÎÔÏ ÄÅÍÁÎÄ ÆÏÒ ÉÎÖÅÓÔÍÅÎÔ ÇÏÏÄÓ ×ÈÉÃÈ ÁÒÅ ÐÒÏÄÕÃÅÄ ÆÒÏÍ ÔÈÅ 

rest of the sectors of the economy through an investment matrix of constant coefficients 

tinvpvpr,br :     

Ὅὔὠὖὠȟ ȟ ȟ ὸὭὲὺὴὺȟ ȟ ȟϽ
Ὅὔὠὠȟȟ
Ὅὔὠὠπ ȟ

ϽὍὔὠὖὠπ ȟ ȟ  [66] 

The next period capital stock is given by the equation: 

ὑὃὠὅȟ ȟ ρ ὨὩὧὰȟȟ Ͻὑὃὠȟȟ
ρ ρ ὨὩὧὰȟ ȟ

ὨὩὧὰȟ ȟ
ϽὍὔὠὠȟ ȟ [67] 
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Since the capital is fixed within each period, the investment decision of the firms affects their 

production frontier only in the next period.  

 

 The investment demand of each branch is transformed into a demand by product, through fixed 

technical coefficients, derived from an investment matrix by product and ownership branch. The 

investment matrix is computed using the intermediate goods used in the production of capital 

goods and data provided in the literature on the inputs delivered by the sectors of the economy to 

the investments undertaken by each sector of production. The standard approach when no 

additional data are available is to use the same coefficient structure for each branch. This 

approach can be extended when additional information is available on investment by branch and 

on the structure of capital formation. In order to make changes in the investment matrix a simple 

procedure is followed. The initial  investment matrix (with the same coefficients in each branch) 

is updated with the new investment shares. Then a RAS procedure is followed in order to ensure 

that the total of each row and column of the investment matrix remains constant and that the  

model remains balanced.  
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4.6  Government b ehaviour  

The GovernmentȭÓ Âehaviour is exogenous in GEM-E3. GovernmentȭÓ final demand (GCVpr,er,t) by 

product is obtained by applying fixed coefficients (tgcvpr,er,t) to the exogenous volume of 

government consumption (GCTVer,t): 

Ὃὅὠȟ ȟ ὋὅὝὠȟϽὸὫὧὺȟ ȟ    ὭὪ ίύὋὅπ [68

] 
Ὃὅὠȟ ȟ

ίᾬὫὧὸὺȟϽ ὖὌὅπ ȟ ϽὌὅὠȟȟ

ὖὋὅπ ȟ ϽὋὅὠȟ ȟ ὖὍὔὠὖπ ȟ ȟ ϽὍὔὠὖὠȟ ȟ ȟ ὖὡὉπ ȟ ϽὉὢὖὕȟ ȟȟ ὖὍὓὖπ ȟ ϽὍὓὖȟ ȟ ϽὸὫὧὺȟȟ  ὭὪ ίύὋὅρ
 

 

[69

] 

Where: 

sh_gctver,t: coefficient that relates government consumption with GDP evolution in case where 

swGC switch is activated 

INVPVprr,br,er,t: investment matrix, 

PINVP0prr,br,er: price of deliveries to investment in the base year, 

EXPObr,er,cr,tt: bilateral exports, 

PWE0br,er: price of exports in the base year, 

IMPbr,er,t: imports, 

PIMP0br,er: price of imports in the base year, 

PGC0br,er: price of government consumption  in the base year, 

PHC0br,er: price of household consumption in the base year, 

br and prr  are sets aliased with pr. swGC is the switch parameter which allows for endogenous 

computation of government consumption. 

Public investment, assumed exogenous in the model, is performed by the branch of non-market 

services. Transfers to the households are computed as an exogenous rate per head times the 

population. 

On the receipt side, the model distinguishes between 9 categories of receipts namely: i) indirect 

taxes, ii) environmental taxes, iii) direct taxes, iv) value added taxes, v) production subsidies, vi) 

social security contributions, vii) import duties, viii) foreign transfers and viiii) government firms. 

These receipts are coming from product sales (i.e. from branches) and from sectors (i.e. agents). 

The receipts from product sales in value (FG), which include indirect taxes, the VAT, subsidies and 

duties, are computed from the corresponding receipts in value, given the tax base and the tax rate. 

The receipts from agents are computed from the tax base and the tax rate (social security 

ÃÏÎÔÒÉÂÕÔÉÏÎÓȟ ÄÉÒÅÃÔ ÔÁØÁÔÉÏÎɊȟ ÓÈÁÒÅ ÏÆ ÇÏÖÅÒÎÍÅÎÔ ÉÎ ÔÏÔÁÌ ÃÁÐÉÔÁÌ ÉÎÃÏÍÅ ɉÆÏÒ ÇÏÖÅÒÎÍÅÎÔ ÆÉÒÍȭÓ 

income) or exogenous (transfers from and to the ROW).  
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4.7 Domestic  demand and trade f lows  

The demand of products by the consumers, the producers (for intermediate consumption and 

investment) and the public sector constitutes the total domestic demand. This total demand22 is 

allocated between domestic products and imported products, following the Armington 

specification. In this specification, branches and sectors use a composite commodity which 

combines domestically produced and imported goods, which are considered as imperfect 

substitutes (Armington assumption).  

Each country buys and imports at the prices set by the supplying countries following their export 

supply behaviour. The buyer of the composite good (domestic) seeks to minimise his total cost 

and decides the mix of imported and domestic products so that the marginal rate of substitution 

equals the ratio of domestic to imported product prices.  

Figure 12:  Trade matrix for EU and the rest of the world 

 

 

GEM-%σ ÅÍÐÌÏÙÓ Á ÎÅÓÔÅÄ ÃÏÍÍÏÄÉÔÙ ÁÇÇÒÅÇÁÔÉÏÎ ÈÉÅÒÁÒÃÈÙȟ ÉÎ ×ÈÉÃÈ ÂÒÁÎÃÈȭÓ i  total demand is 

modelled as demand for a composite good or quantity index Yi (Figure 12) which is defined over 

demand for the domestically produced variant (XXDi) and the aggregate import good  (IMPi). At a 

next level, demand for imports is allocated across imported goods by country of origin (Figure 

13). Bilateral trade flows are thus treated endogenously in GEM-E3.  

                                                             

22In the GEM-%σ ÍÏÄÅÌ ÉÔ ÉÓ ÁÓÓÕÍÅÄ ÔÈÁÔ ÔÈÅ ÂÕÙÅÒȭÓ ÄÅÃÉÓÉÏÎ ÉÓ ÕÎÉÆÏÒÍ ÔÈÒÏÕÇÈÏÕÔ ÔÈÅ ÅÃÏÎÏÍÙȟ ÔÈÅÒÅÆÏÒÅ ÔÈÅ !ÒÍÉÎÇÔÏÎ 

specification is applied at the level of total domestic demand for each sector.  
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Figure 13:  Domestic demand and trade flows nesting scheme  

 Demand Structure 

Domestic Consumers (final and 

intermediate) 

demand for goods and services 

Domestically produced 

goods 

Imported  goods from 

exporting country 

Goods from 

country b 

Goods from 

country n 

Goods from 

country a 

 

The minimum unit cost of the composite good determines its selling price. This is formulated 

through a CET unit cost function, involving the selling price of the domestic good, which is 

determined by goods market equilibrium, and the price of imported goods, which is taken from 

the 2nd ÌÅÖÅÌ !ÒÍÉÎÇÔÏÎȢ "Ù ÁÐÐÌÙÉÎÇ 3ÈÅÐÈÁÒÄȭÓ ÌÅÍÍÁȟ ÔÏÔÁÌ ÄÅÍÁÎÄ ÆÏÒ ÄÏÍÅÓÔÉÃÁÌÌÙ ÐÒÏÄÕÃÅÄ 

goods and for imported goods is derived. 

In particular the cost minimization problem (for the 1st level) is: 

ÍÉÎὅ ȟ ȟ ὖὢὈȟ ȟϽὢὢὈȟ ȟ ὖὍὓὖȟ ȟϽὍὓὖȟ ȟ 

where: 

PXDpr,er,t: price of domestically produced good,  

XXDpr,er,t: production for domestic use, 

PIMPpr,er,t: import price ,  

IMPpr,er,t: imports . 

such that: 

ὣ ȟ ȟ ὃὅȟ ȟϽ‏ ȟ ȟϽὢὢὈȟ ȟ

ȟ ȟ

ȟ ȟ ρ ‏ ȟ ȟ ϽὍὓὖȟ ȟ

ȟ ȟ

ȟ ȟ

ȟ ȟ

ȟ ȟ

 
where: 

Ypr,er,t: composite good,  

ACpr,er,t:  scale parameter in the Armington function,  

ɿpr,er,t:  share parameter estimated from the base year data related with the value shares of XXDpr,er,t  

and IMPpr,er,t in the demand for composite good Ypr,er,t, 

ʎʔ: the Armington elasticity between imported and domestically produced goods. 
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4ÈÅ ÏÐÔÉÍÁÌ ÄÅÍÁÎÄ ÆÏÒ ÄÏÍÅÓÔÉÃ ÁÎÄ ÉÍÐÏÒÔÅÄ ÇÏÏÄÓ ÉÓ ÏÂÔÁÉÎÅÄ ÂÙ ÅÍÐÌÏÙÉÎÇ ÔÈÅ 3ÈÅÐÈÁÒÄȭÓ 

lemma. 

88$ȟȟ
9 ȟȟϽ!#ȟȟ

ȟ ȟ
Ͻρ ɿ ȟȟ

ȟ ȟϽ
0ɭ ȟȟ

08$ȟȟ

ȟ ȟ

ÉÆ !#ȟȟ π

9 ȟȟ ÉÆ !#ȟȟ π

 [70] 

Ὅὓὖὅȟȟ ὣ ȟ ȟϽὃὅȟ ȟ
ȟ ȟ

Ͻ‏ ȟ ȟ
ȟ ȟ ȟϽ

ὖ ȟ ȟ

ὖὍὓὖȟ ȟ

ȟ ȟ

 [71] 

where: 

IMPCpr,er,t: the competitive imports by branch,  

PYpr,er,t: the unit cost for the composite good. 

ὖ ȟ ȟ

ρ

ὃὅȟȟ
Ͻ‏ ȟ ȟ

ȟ ȟ ȟϽὖὍὓὖȟ ȟ
ȟ ȟϽ ρ ‏ ȟ ȟ

ȟ ȟϽὖὢὈȟ ȟ
ȟ ȟ ȟ ȟ ὭὪ ὴὶ ὦὶὸȟὸὬὩὸᾥὨὯὥὺπ

ὖὍὓὖȟ ȟ ὭὪ ὸὬὩὸᾥὨὯὥὺπ
 

[72

] 

ὖ ȟ ȟ

ὖὍὓὖȟȟϽὶὸὼὨȟ ȟ ὖὈȟ ȟϽὸὼίόὦȟ ȟ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
Ͻρ ὶὸὼὨȟ ȟ ὭὪ ὴὶ ὦὶὲὸȟὸὬὩὸᾥὨὯὥὺπ

 
[73] 

 

where: 

PIMPpr: the price of imported good PR computed as an average of the overall trading partners, 

rtxd pr,er,t: the parameter indicating the share of imports in total domestic demand of non traded 

goods, 

txsubpr,er,t: the subsidy rate 

brt : traded branches, 

brnt : non-traded branches, 

theta_dkavpr,er,t: value share of capital in the aggregate (KLskld) bundle or in the production. 

Equations [71], [71] derive from the Armington equation, i.e. the assumption on imperfect 

substitution of domestic and imported goods, and thereby refer only to tradable goods. The term 

ȰÔÒÁÄÁÂÌÅȱ ÉÓ ÎÏ× ÕÓÅÄ ÔÏ ÅØÐÒÅÓÓ ÔÈÁÔ ÔÈÅ !ÒÍÉÎÇÔÏÎ ÁÓÓÕÍÐÔÉÏÎ ÓÔÁÎÄÓ ÆÏÒ ÔÈÅÓÅ ÓÐÅÃÉÆÉÃ goods 

ÁÎÄ ÄÏÅÓ ÎÏÔ ÍÅÁÎ ÔÈÁÔ ÔÈÅ ȰÎÏÎ ÔÒÁÄÅÄȭȭ ÇÏÏÄÓ ɉbrnt) are not imported or exported but instead 

that they are not considered as substitutes to domestic goods. 

where: 

Total imports by branch in volume terms are given as follows: 

Ὅὓὖȟ ȟ Ὅὓὖὅȟ ȟ Ὅὓὖὔὅȟ ȟ   for pr=brt  [74] 
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Equation [74] indicates that imports of tradable goods are the sum of competitive imports, 

deriving from the Armington equation and the non competitive imports. Non competitive imports 

by branch are given as a fixed share of domestic production: 

Ὅὓὖὔὅȟȟ ὶὸὲὧȟ ȟϽὢὈȟ ȟ ÆÏÒ ÐÒÂÒÔ    [75] 

Ὅὓὖȟ ȟ ὶὸὼὨȟ ȟϽὣ ȟ ȟ ÆÏÒ ÐÒÂÒÎÔ ÁÎÄ ÔÈÅÔÁÄͅËÁÖπ [76] 

Ὅὓὖȟ ȟ
ὣ ȟ ȟ Ὁὢὖὕȟȟ ȟ ÆÏÒ ÐÒÂÒÎÔ ÁÎÄ ÔÈÅÔÁÄͅËÁÖπ [77] 

where: 

rtncpr,er,t: the share (fixed) of non competitive imports per unit of production 

 

The equation above indicates that imports of non tradable goods are a fixed share of total domestic 

demand, while imports of non tradable goods that are not domestically produced (i.e. 

theta_dkav=0) must be equal to total domestic supply and to total exports of the good. 

At the 2nd level, import demand is allocated across countries of origin using again a CET functional 

form.  

ὖὍὓὖȟ ȟ ὦὩὸὥȟ ȟȟ
ȟ ȟϽὖὡὢὕȟ ȟȟ

ȟ ȟ

ȟ ȟ

 [78] 

where: 

PIMPpr,er,t: the price of total imports of good PR demanded by country ER, 

betapr,er,cr,t: the share parameter for Armington,  

sigmapr,er,t : the elasticity of substitution, 

PWXOpr,er,cr,t: denotes import price of good pr for country EU originating from country cr : 

ὖὡὢὕȟȟȟ ὖὡὉȟȟ ὸὼὨόὸέȟȟȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ὧὭᾪὺὸύὶȟ ȟȟϽὖὝὙ ȟ  [79] 

where: 

PWEpr,cr,t: the export price in international currency, 

cif_vtwr,itrn ,pr,cs,t:  the demand share for transport margins, 

PTRitrn,t ,: the international transport margin price. 

The GEM-E3 model distinguishes between three types of transport services, namely water, air and 

inland. The international transport margin price is determined by the following equation:   

ὖὝὙ ȟ ὸὬὩὸὥὺίὸȟ ȟϽ
ὖὡὉȟ ȟ

ὖὡὉπ ȟ

 [80] 

Where: 

thetavstitrn,er,t : measures the share of each country in total international transport margins in the 

base year. The activity level of each type of transport is defined as 
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ὣὠὛὝȟϽὺὸὥὫȟ Ὁὢὖὕȟ ȟȟϽὧὭᾪὺὸύὶȟ ȟ ȟȟ
ȟ ȟ

 [81] 

vtagitrn,t  : the output per type of transport in the international pool in the base year  

Exports of transport services are given by:  

ὉὢὖὕȟȟȟϽὧὭᾪὺὸύὶȟ ȟȟȟ
ȟȟ

 ὣὠὛὝȟϽὺὸὥὫȟ [82] 

The bilateral import price equals the export price of the exporter in case of tradable services, while 

in case of merchandise sectors the bilateral import price is given by the export price plus the 

bilateral cif/fob margins. 

Thereby, the equation to estimate bilateral imports derives from the second level of the CET 

function taking into account the bilateral import prices in order to estimate the optimum bundle 

of imports originating from each country.  

In particular, for computing IMPObr,cr,cs,t: 

ȟ ȟ ȟ

ȟ ȟ

ȟ ȟ

ȟ ȟ ȟ
 ᶅὩὶ ὶύ ὧέάὴόὸὭὲὫ Ὅὓὖὕȟ ȟ ȟ  

where: 

IMPObr,cr,cs,t: denotes imports of good pr demanded by country eu from country co.  

Ὅὓὖὕȟȟȟ ὍὓὖȟȟϽὦὩὸὥȟȟȟϽ
ὖὍὓὖȟȟ
ὖὡὢὕȟȟȟ

ȟ ȟ

 [83] 

Bilateral exports are then given in order to satisfy the Walras law by equating the exports 

of sector pr of country co to country er with the imports of sector pr of country er from 

country co.  

 

 

Export of services from country cr to country cs will be equal to the bilateral import of services of 

country cs from cr. The model ensures analytically that, under the above assumptions, the balance 

of trade matrix in value and the global Walras law is verified in all cases. A trade flow from one 

country to another country matches, by construction, the inverse flow. The model ensures this 

symmetry in volume, value and deflator. Thus the model guarantees (in any scenario run) all 

balance conditions applied to the world trade matrix, as well as the Walras law at the level of the 

planet. 

4.8 Current account  instruments  

The model allows for a free variation of the balance of payments, while the real interest rate is 

kept fixed. An alternative approach, implemented in the GEM-E3 model as an option, is to set the 

current account of a country or of the total EU with the rest of the world (RoW) to a pre-specified 

value, in fact a time-series set of values, expressed as percentage of GDP. This value is obtained 

either as a result from the baseline scenario or is given by the modeller as a share of GDP through 

the parameter share_caer,t . As a shadow price of this constraint, a shift of the real interest rate at 

the level of the EU is endogenously computed. This shift is proportionally applied to the real 

interest rates of each member-state. 
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This mechanism enables a robust comparison between scenarios since the modeller does not 

allow for additional borrowing/lending (in GEME-E3 borrowing/lending is in real terms the 

balance of trade) of the country due to scenario policies but instead allows for an endogenous 

change of the real interest rate of the country/region. For example, in a climate policy scenario 

with a fixed current account as a share of GDP (fixed in baseline levels), the country/region under 

constraint cannot increase its imports as a reaction to increased unit cost of energy and thereby 

sustain levels of consumption and welfare but instead has to face an increased real interest rate. 

The option of a constant current account as a percentage of GDP is activated in the model by a 

switch parameter. In order to sustain the current account as a share of GDP in baseline levels for 

a country, the respective switch parameter to be activated is swoncaer,t , while in order to achieve 

the same constraint for the aggregate EU the respective switch parameter is swoncaeut.  The 

respective equations are [85], [86] while equation [85] is to be activated in order to obtain a pre-

assumed share of current account to GDP (equal to share_caer,t). The switch parameter for this 

equation is swoncafixer,t . 

ὛὟὙὖὒȟ ȟ ίὬὥὶᾩὧὥȟϽὠὟȟ ίὩύȟίύέὲὧὥὪὭὼȟ π 

 
[84] 

ὛὟὙὖὒȟ ȟ ίόὶὴὰύὶὶὪὪὼȟϽὠὟȟ ίὩύȟίύέὲὧὥὩόȟ π 

 
[85] 

ὛὟὙὖὒȟ ȟ ίόὶὴὰύὶὪὪὼὩὶϽ ὠὟȟ ίὩύȟὩὶὩόὧςχȟίύέὲὧὥὩόȟ π 

 

[86] 

where,  

SURPLs,er,t: the surplus of the country with the rest of the world (namely the balance of trade) 

surplwrrffx er,t: the share of current account in gross value added in the baseline scenario. 

surplwrrffxeu er,t: the share of current account on the EU region in gross value added in the baseline 

scenario. 

VUer,t: the gross value added of the country is given by: 

ὠὟȟ ὠὃȟ ȟ ȟ [87] 

4.9 Institutional t ransfers  

The only direct transfers and value flows between branches and sectors in the model, refer to 

government revenue/expenditures through taxes/subsidies and world revenue/expenditures 

through imports/exports. Flows considered as revenues of branches (in fact product demand) 

coming from sectors are detailed in: final consumption of products by sector in value, which 

includes exports, investment by product and sector in value and stock variation in value. 

The following equation describes all tax revenues and subsidy expenditure of the government 

disaggregated by government revenue categories: 
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ὊὋὙὄȟ ȟ ȟ ὸὼὨόὸέȟ ȟȟϽὍὓὖὕȟ ȟȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
 GVB=duties [88] 

ὊὋὙὄȟ ȟ ȟ ὸὼίόὦȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ϽὢὈȟ ȟ 

GVB=subsidies [89] 

ὊὋὙὄȟ ȟȟ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ

Ͻ Ὅὕὠȟ ȟ ȟ ὃὄὍὕὠȟ ȟ ȟ Ὃὅὠȟ ȟ

Ὄὅὠȟȟ

Ὅὔὠὖὠȟ ȟ ȟ

ὍὓὃὝͅὊὒὕὡȟ ȟ ȟ ὉὊὊὍͅὊὒὕᾡὌ ȟ

ϽὲὶὫὩὪὪὭᾦὧὥὴᾬ ȟ  

GVB=Indirect taxes [90] 

ὊὋὙὄȟ ȟ ȟ ὸὼὺὥὸȟ ȟϽὖὣȟ ȟϽρ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ

ϽὌὅὠȟ ȟ Ὃὅὠȟ ȟ  

GVB=Value added tax [91] 

ὊὋὙὄȟ ȟ ȟ ὸὼὺὥὸȟ ȟ

Ͻὖὣȟ ȟϽρ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ

ϽὌὅὠȟ ȟ Ὃὅὠȟȟ

ὖὣȟ ȟϽρ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ

ϽὍὔὠὖὠȟ ȟ ȟ

ὖὣȟ ȟϽρ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ

ϽὍὓὃὝͅὊὒὕὡȟ ȟ ȟ ὖὣȟ ȟϽὉὊὊὍͅὊὒὕᾡὌ ȟ

ϽὲὶὫὩὪὪὭᾦὧὥὴᾬ ȟϽρ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
 

GVB=Value added tax 

(pr=cns) 
[92] 

ὊὋὙὄȟ ȟ ȟ ὝὢὉὔὠȟ ȟ ȟϽὉὓὓὄὙȟ ȟ ȟ

Ͻρ ίύέὲὴέὶȟ ȟ ȟ

ὄὟὛὃὝȟ ȟ ȟ ὛὌὃὟὅὝὄὙȟ ȟ ȟ

ϽὛὃὒὉὖȟ ȟ ȟ ὸῲὩὪὪὭὼȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ

Ͻ Ὅὕὠȟ ȟ ȟȟ ὸῲὩὪὪὭᾬ ȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ

ϽὌὅὠȟ ȟ 

GVB=Environmental tax 

(swtxexobr=0, 

swonpor=0) 

[93] 
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ὊὋὙὄȟ ȟ ȟ ὝὢὉὔὠȟ ȟ ȟϽὉὓὓὄὙȟ ȟ ȟ

Ͻρ ίύέὲὴέὶȟ ȟ ȟ

ὄὟὛὃὝȟ ȟ ȟ ὛὌὃὟὅὝὄὙȟ ȟ ȟ

ϽὛὃὒὉὖȟ ȟ ȟ

ὝὢὉὓὉὟȟ ȟ ȟ

Ͻ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ϽὉὓὓὄὙȟ ȟ ȟ ὸῲὩὪὪὭὼȟ ȟ

Ͻ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
Ͻ Ὅὕὠȟ ȟ ȟȟ ὸῲὩὪὪὭᾬ ȟȟ

Ͻ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ϽὌὅὠȟ ȟ 

GVB=Environmental tax 

(swtxexobr=1, 

swonpor=1) 

 

[94] 

ὊὋὙὄȟ ȟ ȟ ὝὢὉὔὠȟ ȟ ȟϽὉὓὓὄὙȟ ȟ ȟ

Ͻρ ίύέὲὴέὶȟ ȟ ȟ

ὄὟὛὃὝȟ ȟ ȟ ὛὌὃὟὅὝὄὙȟ ȟ ȟ

ϽὛὃὒὉὖ ȟ ȟ ȟ

ὝὢὉὓȟ ȟ ȟ

Ͻ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ϽὉὓὓὄὙȟ ȟ ȟ ὸῲὩὪὪὭὼȟ ȟ

Ͻ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
Ͻ Ὅὕὠȟ ȟ ȟȟ ὸῲὩὪὪὭᾬ ȟȟ

Ͻ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ϽὌὅὠȟ ȟ 

GVB=Environmental tax 

(pr=pre, preЁpr, 

swtxexobr=1, 

swonpor=1) 

 

[95] 

ὊὋὙὄȟ ȟ ȟ

ὝὢὉὔὠȟ ȟȟϽὉὓὓὄὙȟ ȟ ȟϽρ ίύέὲὴέὶȟ ȟ ȟ

ὄὟὛὃὝȟ ȟ ȟ ὛὌὃὟὅὝὄὙȟ ȟ ȟϽὛὃὒὉὖȟ ȟȟ

ὸῲὩὪὪὭὼȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
Ͻ Ὅὕὠȟ ȟ ȟȟ ὸῲὩὪὪὭὌͅ ȟ ȟ

Ͻ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ϽὌὅὠȟ ȟ

ὸὬὧὪὺȟ ȟ ȟ

Ͻ
В В ὝὢὉὔὠὌὈὋȟ ȟ ȟϽὉὓὓὌὒὔὈȟ ȟ ȟ ȟ

В ὸὬὧὪὺȟ ȟ ȟ
 

GVB=Environmental tax 

(swtxexobr=0, 

swonpor=0 and 

В ὸὬὧὪὺȟ ȟ ȟ π) 

[96] 

where:  

txdutopr,er,cr,t:  bilateral duty rate, 

txsubpr,er,t:  the subsidy rate, 

txit pr,er,t: the indirect tax rate, 
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PYpr,er,t: the price of domestic demand, 

HCVpr,er,t: the deliveries to private consumption. 

IMAT_FLOWpr,br,er,t: investment matrix for building the energy saving equipment 

EFFI_FLOW_Her,t: Household expenditure on energy saving 

nrgeffi_bcap_hpr,t: Building materials for energy saving 

PINVPpr,er,t: the price of deliveries to investment, 

txvatpr,er,t: VAT rate per branch, 

TXENVpr,er,t: the environmental tax, 

EMMBRpo1,pr,er,t: the emissions by branches, 

swonporpo1,pr,er: the switch for club participation, 

BUSATpo1,pr,er,t: the expenditures or receipts on permits, 

shauctbrpo1,pr,er,t: the share of auctioned permits, 

SALEPpo1,pr,er,t: the value of endowment in permits. 

tx_effixpo1,pr,er,t: the energy tax rate imposed on firms 

tx_effi_hPR,ER,T: the energy tax rate imposed on household 

PCIer,t: the price index for private consumption, 

PCIBASEer,t: the private consumption price in the base year, 

thcfvPR,LND,ER,T: the share of branch in the delivery of private consumption, 

TXENVHDGPO1,DG,ER,T: the environmental tax, 

EMMHLNDPO1,,lnd,dg,er,t: the emissions of household for dourable and linked non-durable.:  

4.9.1 Transfers between sectors  

The transfers between sectors include income flows as described in the Social Accounting Matrix 

and are described by the following equations in GEM-E3 model. These transfers formulate the 

disposable income of the households. The most important of these transfers include: 

- The dividends the firms pay to the households, which is proportional to the net revenues 

of the firms [97]  

- The social benefits that the government pays to the households, which depends on the 

number of employees by branch and the rate of government payments to the unemployed  

[98] 

- The direct taxes on the firms which is again proportional to the net revenues of the firms 

(now excluding dividends) and the households, where the tax is proportional to their 

disposable income [102]  

- The payments of individuals to the government for social security  [101] 
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ὊὛὉὛὉȟȟ ȟ ὸὼὨὭὺὭὨὬ ȟϽ ὊὛὉὊὃȟȟ ȟ ὊὛὉὛὉȟ ȟ ȟ Ὂὅȟ ȟ 

Firms pay/  

households 

receive 

(se:=h),    

(sr:= f) 

[97] 

ὊὛὉὛὉȟȟ ȟ ὸὼίέὧὦὩὲὬ ȟ ὝὙὌὕὟὛȟ ϽὥὧὸὴὸͅȟϽὖὅὍȟ

ρ ὛὌὃὟὅὝὌȟȟ ϽὛὃὒὉὖὌȟ ȟ ȟ πȢυ

Ͻ ὛὃὒὉὖȟ ȟ 

Government 

pays/ 

households 

receive 

(se:=h), 

(sr:=g) 

[98] 

ὊὛὉὛὉȟȟ ȟ ὊὋὙὛȟȟ ȟ 

Government 

pays/Govern

ment receives 

(se:=g), 

(sr:=g) 

[99] 

ὊὛὉὛὉȟȟ ȟ ὄὟὛὃὝȟ ȟ ȟ ὄὟὛὃὝὌȟ ȟ ȟ

πȢυϽίὥὰὩὴȟȟ 

Government 

pays/World 

receives 

(se:=w), 

(sr:=g) 

[100] 

 

ὊὋὙὛȟȟ ȟ ὸὼὪίίȟ ȟ ὭὨὩὥȟ Ͻὠὃȟ ȟ ȟ  

 

Household 

pays social 

security 

(gvs:=ss), 

(se:=h), 

(fa:=l) 

[101] 

ὊὋὙὛȟȟ ȟ ὸὼὨὭὶὸὥὼὪȟϽ ὊὛὉὊὃȟ ȟ ȟ ὊὛὉὛὉȟȟ ȟ  

Firm pays 

direct taxes 

(gvs:=dt), 

(se:=f) 

[102] 

where: 

txdividh er,t: the rate of dividend from firms to household, 

FSEFAse,sr,er,t: the payments by factors to the sectors, 

FSESEse,sr,er,t: the transfers between sectors, 

FCsr,er.t: the consumption by sector,  

txsocbenher,t: social benefits rate,  

TRHOUSer,t: the increase in social benefit transfers (scenarios), 

actp_ter,t: the active population. 
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SHAUCTHpo1,er,t: the share of auctioned permits per household,  

SALEPHpo1,lnd,er,t: the value of endowment of permits for households,  

SALEPpo1,er,t: the value of endowment of permits for firms,  

BUSATpo1,br,er,t: the expenditure of firms for buying permits 

BUSATHpo1,br,er,t: the expenditure of households for buying permits 

FGRSgvs,se,er,t: the payments by sectors to public sector expenditure categories, 

txfssbr,er,t:  the social security rate, 

IDEAer,t: the endogenous reduction in social security rates (scenarios)  

txdirtaxf er,t:  the rate of direct taxes on firms. 

The transfers between factors of production and the economic sectors as given in the Social 

Accounting Matrix are described in the equations below. The most important of these transfers 

include: 

- Revenues of sectors coming from factors , e.g. labour income of households. Flows 

considered as revenues of factors coming from branches represent the value added, in 

value    

- Flows from factors to factors and from factors to branches are equal to zero 

- Factor payments to sectors are coming from value added and distributed according to an 

exogenous structure  

ὠὃȟ ȟ ȟ ὒὃὠȟ ȟϽὖὒȟ ȟ ὒὃὠȟ ȟϽὖὒȟ ȟ 

 

Value added 
from labour 
factor 
(fa:=ὰ ,ὰ ) 

[103] 

ὠὃȟ ȟ ȟ ὑὃὠȟȟϽὖὑȟ ȟ ρ ὛὌὃὟὅὝὄὙȟ ȟ ȟ

ϽὛὃὒὉὖȟ ȟ ȟ 

 

Value added 
from labour 
factor (fa:=k) 

[104] 

ὠὃȟ ȟ ȟ ὙὉὛὊὠȟ ȟϽὖὙὉὛὊȟ ȟ 

 

Value added 
from resources 
factor (fa:=r) 

[105] 

ὊὛὉὊὃὝȟ ȟ ȟ ὠὃȟ ȟȟ 

 

Total payment of 
factors 
(fa:=l, k, r) 

[106] 

ὊὛὉὊὃȟ ȟ ȟ ὸὼίὸὥὸὩέύὲȟ ȟϽ ὠὃȟ ȟ ȟ 
Factor payments 
to government 
(se:=g) 

[107] 
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ὊὛὉὊὃȟ ȟ ȟ ὊὛὉὊὃὝȟ ȟ ὊὛὉὊὃȟ ȟȟ 

Labour factor 
payment to 
household 
(se:=h), (fa:=l), 
ɉÓÒЁÈɊ 

[108] 

ὊὛὉὊὃȟ ȟ ȟ ὊὛὉὊὃὝȟ ȟ ὊὛὉὊὃȟ ȟȟ 

 

Labour factor 
payment to 
household 
(se:=f), (fa:=k,r, 
ɉÓÒЁÆɊ 

[109] 

ὊὛὉὊὃȟ ȟ ȟ ὸὼὪίὩὪὥὬὯ ȟ ὠὃȟ ȟ ȟ 

Capital factor 
payment to 
household 
(se:=h), (fa:=k,r) 

[110] 

ὊὛὉὊὃȟ ȟ ȟ π 

 

No labour  
income transfers 
to firms 
(se:=f), (fa:=l) 

[111] 

ὊὛὉὊὃȟ ȟ ȟ π 

 

No factor income 
transfers to 
world  
(se:=w) 

[112] 

where: 

FGRFgvf,fa,er,t: the payments by factors to public sector expenditure categories, 

txstateownfa,er,t: the parameter indicating the share of the government to capital income (as 

calculated in base year), 

KAVpr,er,t: the capital stock, 

PKpr,er,t: the user cost of capital, 

RESFVpr,er,t: volume of reserves 

PRESFpr,er,t:price of reserves 

FSEFATfa,pr,er,t: the total payments by factors, 

SHAUCTBRpo1,pr,er,t: share of auctioned permits per household 

txfsefahker,t: the parameter  indicating the share of household to capital income (as calculated in 

base year),:  

 In a general equilibrium context, total savings of a country equal total investments as implied by 

the Law of Walras.   

Final consumption of the sectors of the economy is given in equations below: 

Ὂὅȟ ȟ ὌὅὈὝὕὝȟ se=h [113] 
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Ὂὅȟ ȟ π 

 
se=f [114] 

Ὂὅȟ ȟ ὖὋὅȟ ȟϽὋὅὠȟ ȟ se=g [115] 

Ὂὅȟ ȟ ὖὡὉȟ ȟϽ Ὁὢὖὕȟ ȟ ȟ ὖὡὉȟ ȟϽὣὠὝὡὙȟ ȟ  se=w [116] 

where: 

PGCPR,ER,T: the price of delivery to domestic consumption. 

The savings of each sector, which if summed up on all economic sectors are equal to total 

investments, are given below and are computed as the difference between revenues which 

consists of the receipts from the branches plus income from factors and sectors) and expenditures 

(which include final consumption and transfers to factors and sectors): 

ὛὃὠὉȟ ȟ ὣὈὍὛὖȟ ὌὅὈὝὕὝȟ    se=h [117] 

 

ὛὃὠὉȟ ȟ ὊὛὉὊὃȟȟ ȟ ὊὛὉὛὉȟȟ ȟ Ὂὅȟ ȟ ὊὛὉὛὉȟȟ ȟ 

 

   se=f [118] 

ὛὃὠὉȟ ȟ ὊὋὙὄȟ ȟ ȟ ὊὛὉὊὃȟȟ ȟ ὊὛὉὛὉȟȟ ȟ Ὂὅȟ ȟ

ὊὛὉὛὉȟȟ ȟ 
   se=g [119] 

ὛὃὠὉȟ ȟ ὖὡὢὕȟ ȟȟϽὍὓὖὕȟ ȟȟ ὊὛὉὊὃȟȟ ȟ

ὊὛὉὛὉȟȟ ȟ Ὂὅ ȟȟ ὊὛὉὛὉȟȟ ȟ 

 

   se=w [120] 

where : 

YDISPer,t: (ÏÕÓÅÈÏÌÄȭÓ ÄÉÓÐÏÓÁÂÌÅ ÉÎÃÏÍÅ ÇÉÖÅÎ ÂÙ equation below 

ὣὈὍὛὖȟ ὊὛὉὊὃȟ ȟ ȟ ὊὛὉὛὉȟȟ ȟ ὊὛὉὛὉȟȟ ȟ    se=h [121] 

From the equations described above and the surplus/deficit equation of each sector [120], which 

is evaluated by subtracting investment and stock variation from gross savings, ensures that total 

sector savings equal total sector investments (this equality does not hold on a sector level). 

ὛὟὙὖὒȟ ȟ ὛὃὠὉȟ ȟ Ὅὔὠȟ ȟ ὝὙὅὃὖȟȟ     [122] 
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where: 

SAVEse,er,t: the savings by sector, 

INVse,er,t: the investments in value,  

TXSTOCKSse,er,t: the share of sectors in stock variation, 

TRCAPse,er,t: the transfer of capital by sector. 

4.10 Numeraire  

In the world  version of GEM-E3 numeraire is computed according to the quantitative theory of 

money,  ɥϽὠ ὖϽὗ where M is money, V is the transactions velocity of money, P is the price and 

Q the total outlay. 

Equation [123] describes total outlays on primary production factors as a function of the base 

year outlays and the money num. 4ÈÅ ÄÕÁÌ ÐÒÉÃÅ ÏÆ ÔÈÉÓ ÅÑÕÁÔÉÏÎ ÄÅÔÅÒÍÉÎÅÓ ÔÈÅ ×ÏÒÌÄÓȭ ÉÎÔÅÒÅÓÔ 

rate (RLTLRWORLDt) and consists one of the alternative methods of closure of the model. This 

equation consists one of the alternative methods of closure of the model and determines the 

×ÏÒÌÄÓȭ ÉÎÔÅÒÅÓÔ ÒÁÔÅ ɉRLTLRWORLDt). 

В В ὖὑȟ ȟϽὑὃὠȟ ȟ ὖὒ ȟ ȟϽὒὃὠȟ ȟ ὖὒȟ ȟϽὒὃὠȟ ȟ ὖὙὉὛὊȟ ȟϽ

ὙὉὛὊὠȟȟ  ὲόάὺὥὰὪϽὴὶὭὧὩὭὲὨὩὼϽὫὨῂὫὶέύὸὬὶὥὸὩ    

[123] 

Where : 

ὲόάὺὥὰὪϽὴὶὭὧὩᾭὲὨὩὼϽὫὨῂὫὶέύὸὬ  В В ὴὑȟ ȟϽὑὃὠȟ ȟ ὴὒȟ ȟϽὒὃὠȟ ȟ ὴὒȟ ȟϽ

ὒὃὠȟ ȟ ὴὙὉὛὊȟ ȟϽὙὉὛὊὠȟ ȟ   

Price_indext : the world price index 

gdp_growthratet ȡ ÔÈÅ ×ÏÒÌÄÓȭ ÇÒÏwth rate 

  



75 
 

4.11 Derived prices ɀ Firms p ricing  

Derived prices are those depending on leading prices, which are derived from market equilibrium. 

On derived prices appropriate taxation is applied, to form prices as perceived by consumers. The 

main leading price is that of the composite good. Depending on the destination of a commodity, 

differentiated taxation may be applied, as for example indirect taxation or VAT.  

4.11.1 Derived prices equations  

The prices of goods at intermediate consumption are given in [124], while the prices of goods in 

final consumption are computed through [125] for households and [126] for government. Finally, 

[127] defines the prices of goods used to build investment. 

ὖὍὕȟ ȟ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ὖὣȟ ȟ [124] 

ὖὌὅȟ ȟ ρ ὸὼὺὥὸȟ ȟ Ͻὖὣȟȟ ὸῲὩὪὪὭᾬ ȟȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ὸὼὭὸȟ ȟϽ

ὖὅὍȟ
ὖὅὍὄὃὛὉȟ

 [125] 

where:  

txvatpr,er,t : the rate of value added tax imposed on good PR.  

ὖὋὅȟȟ ρ ὸὼὺὥὸȟ ȟ Ͻὖὣȟ ȟ ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ [126] 

ὖὍὔὠὖȟ ȟ

ừ
Ử
Ừ

Ử
ứρ ὸὼὺὥὸȟ ȟ Ͻὖὣȟ ȟ ὸὼὭὸȟ ȟϽ

ὖὅὍȟ
ὖὅὍὄὃὛὉȟ

ὭὪ ὴὶ ὧὲί

ὸὼὭὸȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ὖὣȟ ȟ ὭὪ ὴὶ ὧὲί

 [127] 

The unit cost of investment by sector of destination (owner) depends on its composition in 

investment goods (by sector of origin). This structure is represented by a set of fixed technical 

coefficients tinvpvpr,br,er,t :  

ὖὍὔὠȟ ȟ

ừ
Ử
Ừ

Ử
ứὖὍὔὠπ ȟ Ͻ ὖὍὔὠὖȟ ȟϽὸὭὲὺὴὺȟ ȟ ȟ ὭὪ ὸὭὲὺὴὺȟ ȟ ȟ π

ὖὍὔὠπ ȟ ὭὪ ὸὭὲὺὴὺȟ ȟ ȟ π
 [128] 

4.11.2 Firms pricing  

Firms address their products to three market segments namely to the domestic market, to the 

other EU countries and to the rest of the world. Prices are derived through demand/supply 

interactions. In any iteration of the model run and before global equilibrium is achieved, 

producers face demand for their products. To this demand they respond with a price. For the PC 

sectors, since these operate under constant returns to scale and the number of firms is very large, 

this price depends only on their marginal cost of production. 

The producer is assumed not to differentiate his price according to the market to which he sells 

his products. He therefore sells his products at the same price (equal to his marginal cost reduced 

by the amount of production subsidies that he receives). 
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ὖὢὈȟ ȟ ὖὈ ȟ ȟ ὸὼίόὦȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ὖὍὓὖȟ ȟϽὶὸὲὧȟ ȟ [129] 

ὖὡὉȟ ȟ ὖὈȟ ȟ ὸὼίόὦȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ὖὍὓὖȟ ȟϽὶὸὲὧȟ ȟ [130] 

where: 

PXDbrt,er,,t: the (domestic) supply price addressed to domestic demand, 

PWEpr,er,t: the (domestic) supply price addressed to exports, 

txsubpr,er,t:  the rate of subsidies 

4.12 Equilibrium of the r eal part  

The equilibrium of the real part is achieved simultaneously in the goods market and in the labour 

market. In the goods market a distinction is made between tradable and non tradable goods. For 

the tradable goods the equilibrium condition refers to the equality between the supply of the 

composite good, related to the Armington equation, and the domestic demand for the composite 

good. This equilibrium combined with the sales identity, guarantees that total resource and total 

use in value for each good are identical. For the non tradable, there is no Armington assumption 

and the good is homogeneous.  The equilibrium condition serves then to determine domestic 

production. 

ὢὈȟ ȟ

ừ
Ử
Ừ

Ử
ứ ὢὢὈȟ ȟ Ὁὢὖὕȟ ȟ ȟ Ὢέὶ ὦὶ ὦὶὸ

ὣ ȟ ȟ Ὁὢὖὕȟȟ ȟ ὣὠὝὡὙȟ ȟ Ὅὓὖȟ ȟὪέὶ ὦὶ ὦὶὲὸ
 [131] 

Equation [132] describes that the total supply of goods (domestically produced and imported) 

expended to intermediate consumption, private and public consumption and investments. 

ὣ ȟ ȟ Ὅὕὠȟ ȟ ȟȟ ὃὄὍὕὠȟ ȟ ȟ Ὅὔὠὖὠȟ ȟ ȟ ὍὓὃὝͅὊὒὕὡȟ ȟ ȟ Ὄὅὠȟ ȟ

Ὃὠὅȟ ȟ ὉὊὊὍͅὊὒὕᾡὌ ȟϽὲὶὫὩὪὪὭᾦὧὥὴᾬ ȟ  

[132] 

In the dual version, this equation determines the total production, the dual price equation gives 

the production price and the equilibrium condition on the capital market determines the rate of 

return of capital. 

Three alternative choices for the capital mobility are assumed in the model: 

i)  Capital is immobile between sectors and between regions. 

ὑὃὠȟ ȟ ὑὃὠὅȟ ȟ  [133] 

ii)  Mobility across sectors but not across regions. 

ὑὃὠȟ ȟ ὑὃὠὅȟ ȟ  [134] 
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iii)  Full mobility across sectors and regions. 

 

ὑὃὠȟ ȟ ὑὃὠὅȟ ȟ  [135] 

where: 

 KAVCpr,er,t:  the total amount of capital stock available, fixed within the time period.  

Depending on the capital mobility choice, through the switch parameter swonkm(rtime) ( i.e. 0 

for no mobility, 1 for mobility between sectors, 2 for full mobility and 3 for mobility between 

specific sectors) , the dual price of the capital PKpr,er,t, results from equation[133],[134],[135], as 

PKNOKMpr,er,t, PKNAKMpr,er,t and PKEUKMpr,er,t respectively. 

In particular : 

ὖὑȟ ȟ

ὖὑὔὕὑὓȟ ȟ ὭὪ Ὓὡὕὔὑπ

ὥὲὥὯάȟ ȟϽὖὑὔὃὑὓȟ ȟϽὢὑὔὟὓρ ȟ ὭὪ Ὓὡὕὔὑρ    [136] 

Where anakmpr,er,t is a calibrated parameter and XKNUMt, XKNUM1er,t  are used in order to ensure 

that the computation of anakmpr,er,t, aeukmer,t,  , is consistent with unit cost of capital of sectors 

both in the baseline and the scenario. 

ὢὑὔὟὓρ ȟ

ὑὃὠȟȟ
В ὑὃὠȟ ȟ ὥὲὥὯάȟ ȟ

 

 

[137] 

  

Similarly, XKNUM1er,t , ὢὒὔὟὓȟ and ὢὒὔὟὓȟ are used in order to ensure that the 

computation of ὸὰȟ ȟand ὸὰȟȟ is consistent with unit cost of labour of sectors both in the 

baseline and the scenario. 

 

ὢὒὔὟὓȟ

В ὒὃὠȟ ȟ

В

ὒὃὠȟ ȟϽὸὰȟ ȟ

ρ ὭὨὩὥȟ

 [138] 

ὢὒὔὟὓȟ

В ὒὃὠȟ ȟ

В

ὒὃὠȟ ȟϽὸὰȟ ȟ

ρ ὭὨὩὥȟ

 [139] 
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4.13 The labour market  

In the standard version of the GEM-E3 model labour market is perfect in the sense that wages 

adjust until there is no excess labour supply and hence unemployment. The model considers the 

notion of voluntary unemployment through the choice of household for leisure(when the 

alternative version of labour market is used). In the standard version the representation of 

involuntary unemployment is based on the efficiency wages approach by Shapiro and Stiglitz 

(1984). In the remainder of this section the main labour market imperfections leading to 

involuntary unemployment are presented followed by the mathematical description of the labour 

market extension incorporated into the GEM-E3 CGE model.  

4.13.1 Skilled and unskilled labour  

 

The model distinguishes labour between skilled and unskilled labour. Capital and skilled labour 

substitute each other (except for power generation technologies, where capital and skilled labour 

complement each other), at the 4th level of production, while capital and skilled labour bundle are 

substitutes with unskilled labour at the 3rd level of the production. Equilibrium unemployment is 

modeled for both skilled and unskilled labour and the adequate procedure is described in the 

section below.  

4.13.2 Illustration of equilibrium unemployment  

 

The formulation of the labour market adopted in the GEM-E3 assumes the presence of 

imperfections and rigidities which shift the exogenous labour supply (in the alternative version 

the utility -derived labour supply), to the left and upwards. Wages drive the balancing of the shifted 

labour supply with labour demand. Thus involuntary unemployment arises as a result of the 

distorted labour market equilibrium. 

It is assumed that, due to labour market imperfections and frictions, the employees enjoy a wage 

premium (a wage rent) on top of the wage rate that would correspond to equilibrium between 

potential labour supply and labour demand.  

The wage rate premium leads to a displacement to the left of the potential labour supply curve. 

The displaced supply curve corresponds to effective labour supply.  
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Figure 14: Illustration of equilibrium unemployment  

 

 

The wage rate premium is endogenous in the model and is assumed to be the consequence of the 

existence of Principal-Agent relations: the firms are obliged to pay a wage premium to induce 

employees not to shirk; as a result effective labour supply is determined through efficiency wages. 

The balancing of labour demand with effective, rather than potential, labour supply implies that 

equilibrium  unemployment is determined as the difference between potential and effective 

labour.  

This is illustrated in Figure 14, which shows unemployment U as difference between potential 

equilibrium labour LP and effective labour equilibrium LS, corresponding to wage rate w* which 

includes the wage rent reflecting market imperfections. 

4.13.3 Efficiency wages 

An approach for simulating involuntary unemployment relates to the assumption that there is a 

negative correlation between wages and unemployment. This approach is consistent with the 

efficiency wages theory of Shapiro & Stiglitz (1984) which states that productivity/quality of 

labour has a positive correlation with wages. In periods with high unemployment firms are not 

motivated to offer high wages to attract higher quality labour or to increase productivity of 

existing workers. On the other hand, at low unemployment rates it is efficient for firms to offer 

wages above their equilibrium level, because they seek for increases in labour productivity and 

for reducing the probability of someone quitting the job and hence reducing costs from the 

recruitment of new personnel; see Phelps (1994), Campbell and Orszag (1998).   

In the GEM-E3 model the efficiency wage approach was finally selected to be the default option 

for representing involuntary (equilibrium) unemployment. This modelling approach was 

preferred because of its empirical validation, by using for example Blanchflower and Oswald 

(1994), its simplicity, and the fact that it is parsimonious in parameters.  The specification of 
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efficiency wages in GEM-E3 is shown below and it is based on Shapiro & Stiglitz and Annabi (2003) 

approaches. The procedure is identical both for skilled and unskilled labour. 

The utility function of a "shirker" worker  US, either skilled or unskilled, is defined as: 

ὶϽὟ ύ ή ὦϽὟ Ὗ  

where q is the probability of getting caught shirking, b the exogenous probability to quit from job, 

r the social time preference rate, w the wage and Uu  the utility function of the unemployed. The 

utility function of a "non shirker" is:  

ὶϽὟ ύ Ὡ ὦϽὟ Ὗ  

where Ὡ π is the disutility from working  (for the "shirker" is  Ὡ π). The utility function of the 

unemployed is:   

ὶϽὟ ύὶ ὥϽὟ Ὗ  

Where  ύὶ is the unemployment benefit and a the probability to get a job. 

A worker decides not to be productive when Ὗ Ὗ.  This is the efficiency condition. Replacing 

the utility functions of the shirker and non shirker the efficiency condition can be rewritten as: 

ύ ύὶ Ὡ
ὩϽὥ ὦ ὶ

ή
 

Thus efficiency wage is an increasing function of quit rate, the probability of finding a job, the 

interest rate and the unemployment benefit. In equilibrium the number of workers that are 

unemployed should equal the number of workers that fill a vacancy 

ὦϽὒ ὥϽὒὛὒ 

The unemployment rate is defined as 

ό
ὒὛὒ

ὒὛ
 

Thus the efficiency condition (unemployment wage functions) becomes: 

ύ ύὶ Ὡ
Ὡ

ή
Ͻ
ὦ

ό
ὶ 

The efficiency condition is the labour supply function in the modified version of GEM-E3. The 

condition was adjusted by using the consumer price index, PCIer,t, so as to incorporate real wages.  

ὡὙὓὉὃὔȟ
ὖὅὍȟ
ὴὧὭὦὥίὩȟ

ϽόὲὦὩὲȟ  ὩὪὪέὶὸȟ

ὩὪὪέὶὸȟ

ὴὧὥόὫὬὸ ȟ

Ͻίὸὴȟ

ὴήόὭὸȟ

ὟὔὙὝȟ  ὩὨὩὰὸὥȟ
 

[140] 
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ὡὙὓὉὃὔȟ

ὖὅὍȟ
ὴὧὭὦὥίὩȟ

ϽόὲὦὩὲȟ  ὩὪὪέὶὸȟ

ὩὪὪέὶὸȟ

ὴὧὥόὫὬὸ ȟ

Ͻίὸὴȟ

ὴήόὭὸȟ

ὟὔὙὝȟ  ὩὨὩὰὸὥȟ
 

[141] 

 

where: 

WRMEAN_sklder,t, WRMEAN_unsklder,t: the wage rate of skilled and unskilled  labour respectively, 

unben_sklder,t, unben_unsklder,t: unemployment benefit of skilled labour and unskilled labour, 

effort_sklder,t, effort_unsklder,t:  disutility of effort of skilled and unskilled labour as proportion to 

the wage rate, 

UNRT_sklder,t, UNRT_unsklder,t: unemployment rate of skilled and unskilled labour, 

pquit_sklder,t, pquit_unsklder,t: exogenous probability to quit of skilled and unskilled labour, 

calibrated to base year data , 

edelta_sklder,t, edelta_unsklder,t: natural rate of unemployment , 

pcaught_sklder,t, pcaught_unsklder,t: probability of getting caught shirking for skilled and unskilled 

labour. 

The implementation of involuntary unemployment in the GEM-E3 model requires additional data 

(i.e. unemployment levels, minimum wages etc.) that are extracted mainly from the CESifoDICE 

and EUROSTAT databases.   

Equations [142] and [143] serve to compute the unemployment rate while the equilibrium 

conditions [140] and [141] in the labour market serve to compute the wage rate, which is the 

average nominal wage rate used to derive the labour cost of skilled and unskilled labour ὖὒ  

and ὖὒ 23
 . 

ὟὔὙὝȟ ρ

В ὒὃὠȟ ȟ

ὖὕὖὠȟ  [142] 

ὟὔὙὝȟ ρ

В ὒὃὠȟ ȟ

ὖὕὖὠȟ
 [143] 

                                                             

23  Other model variants include a Philips curve, fixed labour supply and fixed wages. 
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where: 

 

ὖὕὖὠȟ ὝέὸὒὥὦὊὶὧȟ 

 

[144] 

ὖὕὖὠȟ ὝέὸὒὥὦὊὶὧȟ                                                                                                                                                      [145] 

 

POPV_sklder,t: the skilled population of each region, 

POPV_unsklder,t: the unskilled population of each region, 

 

TotLabFrc_sklder,t, TotLabFrc_unsklder,t: is the total labour force of skilled and unskilled labour 

respectively, measured in million hours, drawn from WIOD database. The unit cost of skilled and 

unskilled labour is computed according to the average wage rate derived from the equilibrium of 

the labour market. 

ὖὒȟ ȟ

ὸὰȟ ȟϽὡὙὓὉὃὔȟϽὢὒὔὟὓȟ

ρ ὸὼὪίίȟ ȟ ὭὨὩὥȟ

 
 

[146] 

ὖὒȟ ȟ

ὸὰȟ ȟϽὡὙὓὉὃὔȟ ϽὢὒὔὟὓȟ

ρ ὸὼὪίίȟ ȟ ὭὨὩὥȟ
Ȣ

 
 

[147] 

  

  

 

In the alternative version of GEM-E3, when leisure is included in the model, the average wage 

rate and the equilibrium unemployment are computed from the following equations: 

 

ὡὙὓὉὃὔȟ
ὖὅὍȟ
ὴὧὭὦὥίὩȟ

ϽόὲὦὩὲȟ  ὩὪὪέὶὸȟ

ὩὪὪέὶὸȟ

ὴὧὥόὫὬὸȟ
Ͻίὸὴȟ

ὴήόὭὸȟ
ὟὔὙὝȟ

 

ὟὔὙὝȟ ρ
В ὒὃὠȟ ȟ

ὖὕὖὠȟ ὒὐὠȟ
 

ὖὕὖὠȟ ὖὕὖȟϽὸέὸὸὭάὩȟ 

 

where: 

 

POPer,t: the population of each region, 

 

tottime er,t: the total available time for leisure or labour. 

Then the unit cost of labour and the unit cost of leisure can be computed as:  

ὖὒȟȟ
ὸὰȟȟϽὡὙὓὉὃὔȟϽὢὒὔὟὓȟ

ρ ὸὼὪίίȟȟ ὭὨὩὥȟ

 
ὖὒὐȟȟ ρ ὸὼὬίίȟ Ͻρ ὸὼὨὭὶὸὥὼὬ ȟ ϽὡὙὓὉὃὔȟ 
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txhsser,t: the personal social contribution rate. 

 

4.14 Energy efficiency  

4.14.1 Introduction and i mplementation  

This section shows how the firms and the households perform energy efficiency improving 

investments. In the previous versions of the model energy efficiency improvements were realized 

either exogenously without cost or endogenously through factor substitution. In the new setup 

the option to impose energy efficiency standards has been added. Towards this end energy 

efficiency cost curves have been added. The energy efficiency cost curves have been calibrated to 

estimates extracted from EMF(25) and from the relevant literature (i.e. Jakob, 2006). 

In the efficiency module developed for GEM-E3 model households and firms invest to improve 

efficiency of energy use which means that the economy substitute materials (equipment, 

insulation, etc.) and services (e.g. provided by technicians for installation) for energy. The 

economic agents that undertake energy saving investments are the 1624 representative firms (as 

depicted below) and one representative household in each region.  

Table 11: GEM-E3 activities that undertake energy effici ency measures 

No. Economic Activity No. Economic Activity 
1 Agriculture 9 Other Equipment Goods 
2 Ferrous metals 10 Consumer Goods Industries 
3 Non ferrous  metals 11 Construction 
4 Chemical Products 12 Transport (Air)  
5 Paper Products 13 Transport (Land) 
6 Non metallic minerals 14 Transport (Water) 
7 Electric Goods 15 Market Services 
8 Transport equipment 16 Non Market Services 

The amount of investment on energy saving technology is exogenous. It is assumed that the 

investment expenditure produce results one period after it takes place and continuously for a 

period of at least 20 years. The purpose of the investment concerns only the reduction of the unit 

consumption of energy in the sector or energy use of households, in which the investment takes 

place. That is, in the new setup agents use part of their income to acquire goods and services that 

are used to improve their energy efficiency. These goods and services accumulate to an energy 

saving capital stock that provides permanent energy efficiency improvements (with a 

declining/depreciation rate). The investment of a firm in energy saving equipment/capital 

increases energy efficiency and reduces its energy bill but it does not increase its productive 

capacity (i.e. it does not add to the capital stock of the firm). Energy efficiency improvement 

translates to additional demand for goods and services such as equipment goods, electrical goods, 

construction, market services (in fixed proportions). Similarly for households the expenditures 

on goods and services to improve their energy efficiency do not increase directly their utility, only 

                                                             

24 Energy and electricity sectors are excluded. 
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indirectly through the energy bill reductions. Hence there are no direct effects on productive 

capacities or the consumption of other commodities. Of course indirect effects do exist and are 

quantified through the model. Finally it should be noted that the energy efficiency improvements 

are modeled so as to exhibit decreasing marginal returns (saturation effect).   

To enforce the energy saving scheme to be implemented by firms and households the following 

methodology was adopted: The government raises an energy tax (proportional to the energy 

consumption of each economic agent). It imposes that rate of taxation to all consumers (firms and 

households) of energy, which is exactly necessary for collecting revenues equal to the amount of 

the energy saving expenditure. These revenues, given by equation [4.14.1.1], are then used by the 

government to finance the energy saving expenditures, ensuring public budget neutrality. 

Essentially the Government is used in the model to reallocate firms and households funds from 

ÔÈÅÉÒ ȰÏÐÔÉÍÕÍȱ ÐÌÁÃÅÍÅÎÔ ÉÎ ÔÈÅ ÒÅÆÅÒÅÎÃÅ ÃÁÓÅ ÔÏ ÔÈÅ ÐÁÒÔÉÃÕÌÁÒ ÅÎÅÒÇÙ ÓÁÖÉÎÇ ÅØÐÅÎÄÉÔÕÒÅÓȢ 

The revenues from the energy tax are: 

ὸῲὩὪὪὭὼȟȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
Ͻ Ὅὕὠȟ ȟ ȟ  ὸῲὩὪὪὭᾬ ȟȟϽ

ὖὅὍȟ
ὖὅὍὄὃὛὉȟ

ϽὌὅὠȟ ȟ [4.14.1.1] 

The introduction of energy efficiency cost curves into the GEM-E3 model involves three tasks:  

i)  specification of the energy efficiency cost curve,  

ii)  calibration of the curve, 

iii)  Implementation within the current GEM-E3 model setup. 

4.14.2 Specification of the energy e fficiency cost curve  

 

The main features of the energy efficiency cost curve are: 

i)  It is upper bounded (i.e. maximum energy efficiency improvement should be ~ 50%) 

ii)  The first available options for energy efficiency improvements are low cost 

iii)  Saturation effect (decreasing marginal returns) 

The functional form that represents best the features of the energy efficiency cost curve is the logit 

function. The specific energy efficiency cost curve incorporated in the GEM-E3 model is given by 

[148] for firms and by [149] for households. 

ὉὊὊὍͅὊ ȟ ȟ όὴὴὩὶᾩὪὪὭᾪ ȟ Ͻρ ᴢ

ͺ ȟ ȟ

В ȟ ȟ ȟȟ
ͺͺ ȟ Ͻ ͺ ͺ ȟ

ὩὪὪὭᾪͅώπ ȟ  

[148] 

where: 

EFFI_Fbr,er,t: the energy efficiency improvement rate (variable), 

upper_effi_fbr,er,t: the upper bound of efficiency improvement level (calibrated parameter on 

extraneous data), 

EFFI_STOCKBR,ER,T: the stock of the energy efficiency level (variable), 

speed_effi_fbr,er: speed going to the inflexion point (calibrated parameter), 
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effi_f_y0br,er: firms base year energy efficiency level (calibrated parameter), 

effi_f_x0br,er: firms base year energy efficiency level (calibrated parameter), 

IOVpret,br,er,t: the intermediate demand for energy products (variable):  

  

ὉὊὊὍͅὌ ȟ όὴὴὩὶᾩὪὪὭᾬ Ͻρ ᴢ

ͺ ͺ ȟ

В В ȟ ȟ ȟ
ͺͺ Ͻ ͺ ͺ

ὩὪὪὭᾬͅώπ  
[149] 

where: 

EFFI_Her,t: the households energy efficiency improvement rate (variable), 

upper_effi_her,t: the upper bound of efficiency improvement level (calibrated parameter on 

extraneous data), 

EFFI_STOCK_Her,t: the stock of the energy efficiency level (variable), 

speed_effi_her: the speed going to the inflexion point (calibrated parameter), 

effi_h_y0er: the parameter related to households base year energy efficiency level (calibrated 

parameter), 

LLNDClnd,pr,er,t: the consumption of linked non-durable goods. 

The base year energy efficiency level parameters are computed from [4.14.2.1], [4.14.2.2] 

ÅÆÆÉÆͅͅÙπÕÆ ÂÙͅÅÅÌ [4.14.2.1] 

where 

by_eel : is the base year energy efficiency level (this is derived from extraneous data sources, the 

values used in the current version of the model are presented in the ANNEX of this report). 

uf : the upper level of energy efficiency parameter 

ÅÆÆÉÆͅͅØπ
ÌÏÇρ

ὦῴὩὩὰ
ό

 

Ó
 

[4.14.2.2] 

Data on energy efficiency 

Energy efficiency cost estimates from Jacobi (2006) and EMF(25) have been used in order to 

calibrate the GEM-E3 energy efficiency cost curve25.  The energy efficiency cost curves derived 

from the EMF(25) include both the commercial and the residential sector. The report provides 

market shares and efficiency levels for a number of electrical goods (Table 12) but not for 

buildings.  

Table 12: Main categories of electrical goods covered by EMF (25)  

No. Commercial No. Residential 

                                                             

25 The two studies refer to energy efficiency costs computed for USA (EMF(25) ɀ electrical goods in commercial and residential 
sector) and Switzerland (Jakob(2006) buildings).  
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1 Refrigerated beverage vending machines 1 Refrigerators 
2 Refrigeration equipment 2 Waterheaters 
3 Unitary  ac 3 Furnances and boilers 
4 Terminal air conditioners and heat pumps 4 Cooking products 
5 Clothes washers   
6 Waterheater & boiler   
7 Distribution transformers    
8 Small electric motors   

The available information from EMF(25) allows to compute the % price increase for each % saved 

in Kwh .  

Table 13: Energy efficiency cost curve (electrical goods)  

% Energy saved in Kwh Increase in price 
5% 0,57% 
10% 1,60% 
18% 5,01% 
23% 8,24% 

Source: Computations from EMF (25). 

Data on energy efficiency measures for buildings (incl. estimates for co-benefits) have been 

extracted from Jakob (2006).   

Figure 15: Marginal cost curve case study with oil heating  

Source: Jakob (2006). 

4.14.3 Energy efficiency in GEM-E3 

The first step to incorporate the energy efficiency cost curve in the GEM-E3 setup is to introduce 

an additional factor namely the stock of energy saving technology. The stock of energy saving 

capital EFFI_STOCKbr,er,t , EFFI_STOCK_Hbr,er,t  is created by the accumulation of the goods on energy 

savings ([153],[154]for firms and households respectively). The expenditure of firms and 

households on energy efficiency is given from equations [150],[151]. This expenditure depends 

on the energy tax imposed by the government, tx_effixpr,er,t and tx_effi_hpr,er,t for firms and 

households respectively. 

ὉὊὊὍͅὊὒὕὡȟ ȟϽὖὍὔὠς ȟ ȟ ὸῲὩὪὪὭὼȟ ȟϽВ Ὅὕὠȟ ȟȟϽ
ȟ

ȟ
  [150] 
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ὖὍὔὠὖȟ ȟϽὉὊὊὍͅὊὒὕᾡὌ ȟ ȟ ὲὶὫὩὪὪὭᾦὧὥὴᾬ ȟ

ὸῲὩὪὪὭᾬ ȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
ϽὌὅὠ ȟ ȟ  

[151] 

where: 

PINV2PR,ER,T:  Price of investment goods used in energy efficiency, 

nrgeffi_bcap_hpr,br,t: the fixed factor coefficient of materials and services required to build the 

energy saving equipment (for the households) 

Expenditure of firms on energy efficiency technologies is transformed into demand for goods of 

specific sectors according to the following equation: 

ὍὓὃὝͅὊὒὕὡȟ ȟ ȟ  ὉὊὊὍͅὊὒὕὡȟ ȟϽὲὶὫὩὪὪὭᾦὧὥὴȟ ȟ [152] 

where: 

nrgeffi_bcappr,br,t:  the fixed factor coefficient of materials and services required to build the energy 

saving equipment (in the model the coefficient is identical by industry) 

Equations [153],[154] provide the motion equation of the energy saving capital stock (for firms 

and households respectively):  

ὉὊὊὍͅὛὝὕὅὑȟ ȟ ρ Ὠὰέίίȟ ȟ ϽὉὊὊὍͅὛὝὕὅὑȟȟ
ρ ρ Ὠὰέίίȟ ȟ

Ὠὰέίίȟ ȟ

ϽὉὊὊὍͅὊὒὕὡȟ ȟ 

[153] 

ὉὊὊὍͅὛὝὕὅὑὌͅ ȟ

ρ Ὠὰέίίȟ ϽὉὊὊὍͅὛὝὕὅὑὌͅ ȟ

ρ ρ Ὠὰέίίȟ ȟ
Ὠὰέίίȟȟ

ϽὉὊὊὍͅὊὒὕᾡὌ ȟ 

[154] 

whereȡ 

EFFI_STOCKbr,er,t,  EFFI_STOCK_Hbr,er,t: the stock of energy saving technology,  

dlossbr,er,t: the decay parameter for the energy efficiency improvements,  

PERIOD: the time between two GEM-E3 runs (usually five). 

 Then energy productivity (tge) is formulated as a positive function of the stock of energy saving 

technology. 

ὸὫὩὸὫὩὩὪὪὭᾪ [4.14.3.1] 

It is assumed that there is a time lag between the expenditure and the realization of the efficiency 

gains. Currently this is modeled as a one period lag. The expenditure on energy efficiency, either 

from Households or Firms is translated to demand for certain goods and services in fixed factor 

proportions (the exact shares for each category are presented in Table 14). 
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Table 14: Sector contribution to energy efficiency investment  

  Expenditure, in percent of total 

Electric Goods 20% 

Construction 70% 

Market Services 10% 
 

Accordingly the price of the investment good is given below. 

ὖὍὔὠς ȟ ȟ ὖὍὔὠὖȟ ȟϽὲὶὫὩὪὪὭᾦὧὥὴȟ ȟ  [155] 

The energy efficiency investment is financed through a tax neutral instrument. That is a tax on 

energy consumption is imposed in households and firms. Then government uses these revenues 

so as to perform the energy efficiency investment and provide households and firms with the 

respective energy efficiency improvement. Hence the household price and the firmsȭ user cost of 

energy become: 

ὖὌὅȟ ȟ ρ ὸὼὭὸȟ ȟ Ͻρ ὸὼὺὥὸȟȟ Ͻὖὣȟ ȟ ὸῲὩὪὪὭᾬ ȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ
 [156] 
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Ử
ứ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
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ὖὅὍȟ
ὖὅὍὄὃὛὉȟ

ϽὃὉὙȟ ȟ ȟ

ὝὢὉὔὠ ȟ ȟ ȟϽὦὩὧ ȟ ȟ ȟ

ϽὥὩὶȟ ȟ ȟ

ὸῲὩὪὪὭὼȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

Ὢέὶ ὖὙ ὖὙὉ

ụ
Ụ
Ụ
Ụ
ợὖὍὕȟ ȟ ὝὢὉὔὋὙȟȟ ȟϽ

ὖὅὍȟ
ὖὅὍὄὃὛὉȟ

ϽὃὉὙȟ ȟ ȟ

ὸῲὩὪὪὭὼȟ ȟϽ
ὖὅὍȟ

ὖὅὍὄὃὛὉȟ Ứ
ủ
ủ
ủ
Ủ

Ὢέὶ ὖὙ ὖὙὉὔὉὓ

 [157] 

 

where: 

TXENGRpr,sr,er,t: the energy tax per sector, 

TXENVpoem,br,er,t: the environmental tax, 

bec poabe,br,er,t: the emission coefficient per monetary unit.  

aer pr,br,er,t: the share of energy consumption with emission. 

Investment now becomes:  
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Ὅὔὠȟȟ

ừ
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
ứ ὸὧὭὲὺȟ ȟ ȟϽὖὍὔὠȟȟϽὍὔὠὠȟȟ Ὢέὶ ίὩρȟ

ὸὧὭὲὺȟ ȟ ȟϽὖὍὔὠȟȟϽὍὔὠὠȟȟ Ὢέὶ ίὩςȟ

ὸὧὭὲὺȟ ȟ ȟϽὖὍὔὠȟ ȟϽὍὔὠὠȟ ȟ ὖὍὔὠς ȟ ȟϽὉὊὊὍͅὊὒὕὡȟ ȟ

ὖὍὔὠὖȟȟϽὉὊὊὍͅὊὒὕᾡὌ ȟ ȟϽὲὶὫὩὪὪὭᾦὧὥὴᾬ ȟ

Ὢέὶ ίὩσȟ

ὸὧὭὲὺȟ ȟ ȟϽὖὍὔὠȟȟϽὍὔὠὠȟȟ Ὢέὶ ίὩτȟ

 
[158] 

where: 

tcinvpr,er,t: the share of each institutional sector in total investment. 

5 The Financial module  

The first publication of a CGE model with  an explicit representation of the financial sector was the 

one by F. Bourguignon, W. H. Branson & J. de Melo (1989) which has been further extended by 

Fargeix & Sadoulet (1990)  and Capros & Karadeloglou (1994). The basic idea is that the demand 

for finance is driven by agents in deficit that seek to receive a loan from domestic or/and 

international  capital markets and the supply of finance is driven by profit maximising agents (in 

surplus) that own a portfolio of financial products with different reaturns and risks. This loan 

accumulates to debt and has to be repaid in a specified time period at a market clearing interest 

rate. 

A CGE model without the representation of the financial sector implicitly assumes that: 

i)  Debt accumulation does not have an impact on the real economy as in reality via the 

adjustment of interest rates.  

ii)  Depending on the closure rule the financing of an investment project takes place in one 

period (at the period where the investment products are constructed) and can be financed 

from the sector, country or abroad.  

iii)  In a given year/period alternative investment projects compete for the same capital 

resources (crowding out effect)  

The inclusion of the financial sector in a CGE model provides the following features: 

1. Agents financing is subject to their financial position (surplus ɀ deficit).  

2. Detailed representation of financial products and detailed accounting of the financial 

position of each economic agent. Book keeping of stock/flow relationships on debt 

accounting (domestic and external Private and Public debt) 

3. Endogenous computation of interest rates for alternative uses of financial resources 

(deposits, bonds etc.) Use of the endogenous interest rates for rationing financing 

decisions  
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4. Allow for the existence of versatile financing schemes that expand through sectors, 

countries and time.  

5. The option to create payback schedules that span over many periods moderates 

considerably the crowding out effect 

The implementation of the financial sector in GEM-E3 involves the representation of six agents: 

Households, Firms, Public Sector, External Sector, National Banks and a World Bank. The financial 

assets that are modelled are: i) Public Bonds, ii) Corporate bonds, iii) Household loans, iv) 

Deposits, v) Time Deposits, and vi) Corporate shares. 

A world bank is included that collects the savings from the economic agents and issues loans at 

interest rates that clear the market while taking into account the debt position of each agent. 

Governments and firms issue bonds to cover their deficits while households receive loans. Money 

supply can either be fixed with endogenously determined interest rates (money multiplier theory) 

or be adjustable (endogenous theory money) at given interest rate (i.e. bank reserves adjust as 

needed to accommodate loan demand at prevailing interest rates).  The market for financial assets 

can be domestic, international or mix. The financial behavior is based on optimal portfolio theory 

(expected return, risk, duration etc) and no secondary capital market is assumed. The ineterst 

rates are now separated into two categories: i) Current interest rates that clears the market on 

this year financial products and ii) Average interest rate of debt which is composed of the 

weighted average of previous years interest rates. 

Figure 16: Agents modelling behaviour  

 
























































































































































